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Abstract

Summability of spherical h-harmonic expansions with respect to the weight functionQd
j¼1 jxj j2kj ðkjX0Þ on the unit sphere Sd�1 is studied. The main result characterizes the

critical index of summability of the Cesàro ðC; dÞ means of the h-harmonic expansion; it is

proved that the ðC; dÞ means of any continuous function converge uniformly in the norm of

CðSd�1Þ if and only if d4ðd � 2Þ=2þ
Pd

j¼1 kj �min1pjpd kj : Moreover, it is shown that for

each point not on the great circles defined by the intersection of the coordinate planes and

Sd�1; the ðC; dÞ means of the h-harmonic expansion of a continuous function f converges

pointwisely to f if d4ðd � 2Þ=2: Similar results are established for the orthogonal expansions

with respect to the weight functions
Qd

j¼1 jxj j2kj ð1� jxj2Þm�1=2 on the unit ball Bd andQd
j¼1 x

kj�1=2
j ð1� jxj1Þ

m�1=2 on the simplex Td : As a related result, the Cesàro summability of

the generalized Gegenbauer expansions associated to the weight function jtj2mð1� t2Þl�1=2 on

½�1; 1	 is studied, which is of interest in itself.
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1. Introduction

Ordinary spherical harmonics are homogeneous polynomials orthogonal with

respect to the Lebesgue measure on the unit sphere Sd�1 of Rd ; which is the unique

measure on Sd�1 invariant under the orthogonal group. The fact that the spherical
harmonics are associated with the orthogonal group plays an essential role in
studying the summability of spherical harmonic expansions; it allows us to invoke
the techniques in classical Fourier analysis; see, for example, [1,11].

The objective of the present paper is to study the Fourier expansions in h-
harmonics, which are homogeneous polynomials orthogonal with respect to the

measure h2
k do on Sd�1; where

hkðxÞ ¼ jx1jk1?jxd jkd ; kiX0; ð1:1Þ

and do denotes the ordinary surface measure on Sd�1: The measure is invariant

under the group Zd
2 ; a subgroup of the orthogonal group. The theory of h-harmonics

is developed by Dunkl ([4–6] and references therein) for measures invariant under

finite reflection groups. The abelian group Zd
2 is the simplest example. In the general

setting, let G be a finite reflection group with positive roots Rþ: For vARd ; let
svx ¼ x� 2ð/x; vS=/v; vSÞv denote the reflection with respect to the hyperplane

perpendicular to v; where /x; vS is the Euclidean inner product of Rd : Let k be a
nonnegative multiplicative function v/kv defined on Rþ with the property that
kv ¼ ku whenever sv is conjugate to su in G; that is, when there exists gAG such that
ug ¼ v: Then the measure hk invariant under G is defined by

hkðxÞ ¼
Y
vARþ

j/x; vSjkv : ð1:2Þ

If G ¼ Zd
2 ; (1.2) becomes (1.1). The theory of h-harmonics is in many ways

comparable to the theory of the ordinary harmonics. There is a family of commuting
operators, Di (Dunkl’s operators), defined by

Di f ðxÞ :¼ @i f ðxÞ þ
X
vARþ

kv
f ðxÞ � f ðxsvÞ

/x; vS
/v; eiS; 1pipd;

where @i is ordinary partial derivative with respect to xi and e1;y; ed are the

standard unit vectors of Rd : The h-harmonics are homogeneous polynomials

satisfying the equation Dhp ¼ 0; where Dh ¼ D2
1 þ?þD2

d is the analogous of the

usual Laplace operator. Let Pd
n denote the space of homogeneous polynomials of

degree n in d variables, and let Hd
nðh2

kÞCPd
n denote the space of h-harmonic

polynomials of degree n: If all ki ¼ 0; then Hd
nðh2

kÞ is the space of ordinary

harmonics. It is known thatZ
Sd�1

pqh2
k do ¼ 0; pAHd

nðh2
kÞ; qAPd

n�1;
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where Pd
m denotes the set of polynomials of degree at most m in d variables.

Moreover, we have

dimPd
n ¼

n þ d � 1

d

 !
and dimHd

nðh2
kÞ ¼ dimPd

n � dimPd
n�2:

Let fYn;ig denote an orthonormal basis of Hd
nðh2

kÞ: The reproducing kernel of the

space Hd
nðh2

kÞ is defined by

Pnðh2
k; x; yÞ ¼

XNn

i¼1

Yn;iðxÞYn;iðyÞ; Nn ¼ dimHd
nðh2

kÞ:

For fAL2ðh2
k;Sd�1Þ; we denote its projection to Hd

nðh2
kÞ by Pnðh2

k; f Þ: It follows that

Pnðh2
k; f ; xÞ ¼

Z
Sd�1

f ðyÞPnðh2
k; x; yÞh2

kðyÞ doðyÞ: ð1:3Þ

Although orthonormal bases of Hd
nðh2

kÞ are not unique, the projection operator is

independent of the bases and is uniquely defined; moreover, the reproducing kernel

Pnðh2
k; x; yÞ is also unique. For fAL2ðh2

k;Sd�1Þ; its h-harmonic expansion is defined

uniquely by

f ðxÞ ¼
XN
n¼0

Pnðh2
k; f ; xÞ:

We note that this expansion is independent of the choice of orthonormal bases. For
the ordinary harmonics, such an expansion is called the Laplace series (cf. [7,
Chapter 12]). As in the case of ordinary harmonics, if f is merely continuous, the
partial sums of the expansion do not converge uniformly in general and we need to
consider the summability method such as the Cesàro ðC; dÞ means.

For d40; the Cesàro ðC; dÞ means, sdn; of a sequence fsng are defined by

sdn ¼ 1

n þ d

n

 !Xn

k¼0

n � k þ d� 1

n � k

 !
sk ¼ 1

n þ d

n

 !Xn

k¼0

n � k þ d

n � k

 !
ck;

where the second equality holds if sn is the nth partial sum of the series
P

N

k¼0 ck: We

say that fsng is Cesàro ðC; dÞ summable to s if sdn converges to s as n-N:

In order to study the summability of the orthogonal expansion, we need to have
knowledge of the reproducing kernel. The compact formula of the reproducing

kernel for h-harmonics associated to h2
k for any finite reflection group is known to be

[15]

Pnðh2
k; x; yÞ ¼

n þ jkj1 þ d�2
2

jkj1 þ d�2
2

V C
ðjkj1þ

d�2
2

Þ
n ð/�; ySÞ

� 	
ðxÞ; ð1:4Þ

where V : Pd/Pd is the so-called intertwining operator between the commutative
algebras generated by the partial derivatives and that generated by the Dunkl
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operators, C
ðlÞ
n denotes the Gegenbauer polynomial of degree n with index l; and

jkj1 ¼
P

vARþ
kv: However, an explicit formula of V is known only in the case of

symmetric group S3 and in the case of Zd
2 : In the latter case, the formula of V [14]

leads to an explicit formula for the reproducing kernel; more precisely, for the weight

function h2
k in (1.1), the nth reproducing kernel function satisfies the following

formula [14]:

Pnðh2
k; x; yÞ ¼ ck

n þ jkj1 þ ðd � 2Þ=2
jkj1 þ ðd � 2Þ=2



Z
½�1;1	d

C
ðjkj1þ

d�2
2

Þ
n ðx1y1t1 þ?þ xdydtdÞ



Yd

i¼1

ð1þ tiÞð1� t2i Þ
ki�1

dt; ð1:5Þ

where jkj1 ¼
Pd

j¼1 kj and ck denotes the constant

ck ¼ ck1yckd
; where cr ¼

Z 1

�1

ð1� t2Þr�1
dt


 ��1

:

If some ki ¼ 0; then the formula holds under the limit relation

lim
l-0

cl

Z 1

�1

f ðtÞð1� tÞl�1
dt ¼ ½f ð1Þ þ f ð�1Þ	=2: ð1:6Þ

When all ki ¼ 0; we have V ¼ id and (1.5) reduces to the usual zonal polynomial for
the ordinary spherical harmonics

Pnðx; yÞ ¼
n þ ðd � 2Þ=2
ðd � 2Þ=2 Cððd�2Þ=2Þ

n ð/x; ySÞ:

For the Cesàro summability, it is proved in [15] that for h2
k in (1.2) and any finite

reflection group, the h-harmonic expansion of a continuous function on Sd�1 is
uniformly ðC; dÞ summable if

d4
d � 2

2
þ
X
vARþ

kv: ð1:7Þ

The proof uses formula (1.4) and an integral formula of the intertwining operator V ;
which reduces the problem to the summability of Gegenbauer expansion in one
variable, just as in the case of ordinary harmonics; that is, the proof reduces the

convergence over Sd�1 to convergence at just one point (say, north pole). However,
reducing to one point is reasonable for the ordinary spherical harmonic expansion,

since the orthogonal group acts transitively on Sd�1; but it is not as natural for the h-

harmonic expansion, since the subgroup Zd
2 no longer acts transitively on Sd�1:

Moreover, for d ¼ 2; the h-harmonic expansion on S1 corresponds to the orthogonal

expansion with respect to the Jacobi weight function ð1� tÞk1ð1þ tÞk2 on ð�1; 1Þ:
The result in [9,12] shows that the critical index of ðC; dÞ summability is maxfk1; k2g;
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which is smaller than k1 þ k2 in (1.7). The main result of the present paper is to

characterize the critical index of the ðC; dÞ means for hk associated with Zd
2 : the h-

harmonic expansion of every continuous function on Sd�1 with respect to (1.1) is
uniformly ðC; dÞ summable if and only if

d4
d � 2

2
þ
Xd

i¼1

ki � min
1pipd

ki

(see Theorem 2.1 in the following section). The proof is based on an accurate
estimate of the Cesàro means of the reproducing kernel. The integrals in formula

(1.5) of Pnðh2
kÞmake this possible, but the task is much more difficult comparing with

the case of ordinary harmonics; the hard estimate is the major technical part of the
paper. Our investigation also uncovers other interesting phenomena that do not
appear in the study of ordinary harmonics; for example, we shall show that the space

Sd�1 equipped with the measure h2
k do has a boundary consisting of the great circles

defined by the intersection of Sd�1 with the coordinate planes (that is, the zero set of
hk in (1.1)), and the pointwise summability on the boundary is worse than that in the
interior.

There is another reason that we pay special attention to the weight function hk in
(1.1). Recently in [16,17], we have shown that orthogonal polynomials on the sphere

Sd and those on the unit ball

Bd ¼ fxARd : jxjp1g

and on the simplex

Td ¼ fxARd : x1X0;y; xdX0; 1� x1 �?� xdX0g

are closely related. In particular, the h-harmonics associated with hk in (1.1) in d þ 1
variables are related to the orthogonal polynomials with respect to the weight
function

W B
k;mðxÞ ¼

Yd

i¼1

jxij2kið1� jxj2Þm�1=2 ð1:8Þ

on Bd ; where jxj2 ¼ x2
1 þ?þ x2

d ; and those with respect to the weight function

W T
k;mðxÞ ¼

Yd

i¼1

x
ki�1=2
i ð1� jxj1Þ

m�1=2 ð1:9Þ

on the simplex Td ; where jxj1 ¼ x1 þ?þ xd for xATd : The orthogonal

polynomials with respect to the weight function W B
m ðxÞ ¼ ð1� jxj2Þm�1=2 (the case

k ¼ 0 on W B
k;m) and W T

k;m are the classical orthogonal polynomials, since they are

eigenfunctions of a second-order differential operators (see [7, Chapter 12]).

Let Vd
nðWO

k;mÞ denote the space of polynomials of degree n that are orthogonal to

polynomials of lower degrees with respect to WO
k;m on O; where O ¼ Bd or O ¼ Td : It

is known that dimVd
nðWO

k;mÞ ¼ dimPd
n : Let fPn

agjaj¼n denote an orthonormal basis
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of Vd
nðWO

k;mÞ; where aANd
0 : Then the reproducing kernel of Vd

nðWO
k;mÞ is defined by

PnðWO
k;m; x; yÞ ¼

X
jaj¼n

Pn
aðxÞPn

aðyÞ:

For fAL2ðWO
k;mÞ; we denote the projection of f to Vd

nðWO
k;mÞ by PnðWO

k;m; f Þ: It

follows that

PnðWO
k;m; f ; xÞ ¼

Z
O

f ðyÞPnðWO
k;m; x; yÞWO

k;mðyÞ dy: ð1:10Þ

Although orthonormal bases of Vd
nðWO

k;mÞ are not unique, the projection operator is

independent of the bases and is uniquely defined; moreover, the reproducing kernel

PnðWO
k;mÞ is also unique. For fAL2ðWO

k;mÞ; its Fourier expansion in terms of the

associated orthogonal polynomials is defined uniquely by

f ðxÞ ¼
XN
n¼0

PnðWO
k;m; f ; xÞ;

which, in turn, is independent of the choice of orthonormal bases.
The study of the Cesàro ðC; dÞ summability of the classical orthogonal expansion

for W B
m on Bd began with the work of Chen, Koschmieder and others (see [7,

Chapter 12]), but the necessary and sufficient condition was found only recently in

[19]. For the summability of the classical orthogonal expansion on the simplex Td ; it
is proved in [18] that the uniform ðC; dÞ summability holds if d4jkj1 þ ðd � 1Þ=2
which, however, is not sharp. In the present paper, among other results, we shall give

necessary and sufficient conditions for the uniform summability for both W B
k;m on Bd

and W T
k;m on Td :

This is possible since recently in [16,17] we have shown that orthogonal

polynomials on the sphere Sd and those on the unit ball and on the simplex are
closely related. In particular, the h-harmonics associated with hk in (1.1) in d þ 1
variables are related to the orthogonal polynomials with respect to the weight

function W B
k;m and W T

k;m: In the case of Bd ; it is shown in [20] that

PnðW B
k;m; x; yÞ ¼ ckcm

n þ jkj1 þ mþ d�1
2

jkj1 þ mþ d�1
2

Z 1

�1

Z
½�1;1	d


 C
ðjkj1þmþd�1

2
Þ

n ðx1y1t1 þ?þ xdydtd þ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj2

q
Þ



Yd

i¼1

ð1þ tiÞð1� t2i Þ
ki�1

dtð1� s2Þm�1
ds: ð1:11Þ

In fact, the summability of the orthogonal expansion on Bd follows from that of the

corresponding orthogonal expansion on Sd (see Section 3 below and [20]).

Consequently, our study of the h-harmonic expansion for h2
k will yield results for

the orthogonal expansion with respect to the weight function W B
k;m on Bd : This will

give the sufficient part of our necessary and sufficient result on the uniform
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convergence of the ðC; dÞ means on Bd (Theorem 2.4). On the other hand, the
necessary part of the theorem goes the other way: the necessity of the condition for h-
harmonic expansions will follow from that for the orthogonal expansion with respect

to W B
k;m:

The result turns out to be new even in the case of d ¼ 1: Indeed, for d ¼ 1; we are
dealing with orthogonal expansion associated with the weight function

wl;mðtÞ ¼
Gðlþ mþ 1Þ

Gðlþ 1=2ÞGðmþ 1=2Þ jtj
2mð1� t2Þl�1=2 ð1:12Þ

on ½�1; 1	: The orthogonal polynomials associated to wl;m are called the generalized

Gegenbauer polynomials; they are related to the Jacobi polynomials P
ða;bÞ
n ðtÞ

associated with the weight function ð1� tÞað1þ tÞb as follows:

C
ðl;mÞ
2n ðxÞ ¼ ðlþ mÞn

ðmþ 1
2
Þn

Pðl�1=2;m�1=2Þ
n ð2x2 � 1Þ;

C
ðl;mÞ
2nþ1ðxÞ ¼

ðlþ mÞnþ1

ðmþ 1
2
Þnþ1

xPðl�1=2;mþ1=2Þ
n ð2x2 � 1Þ: ð1:13Þ

As it is shown in [14], an orthonormal basis of the h-spherical harmonics associated

with hl;mðxÞ ¼ jx1jljx2jm can be given in terms of the generalized Gegenbauer

polynomials. Moreover, let C̃
ðl;mÞ
n denote the normalized generalized Gegenbauer

polynomials; then formula (1.11) reduces to

C̃ðl;mÞ
n ðxÞC̃ðl;mÞ

n ðyÞ ¼ n þ lþ m
lþ m

clcm



Z 1

�1

Z 1

�1

CðlþmÞ
n ðtxy þ s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
Þ


 ð1þ tÞð1� t2Þm�1ð1� s2Þl�1
dt ds ð1:14Þ

(see [14]). Although the generalized Gegenbauer polynomials are related to the
Jacobi polynomials, the ðC; dÞ summability of the generalized Gegenbauer expansion
and that of the Jacobi expansion do not follow from each other, since ðC; dÞ means
of a sequence sn are in general not related to the ðC; dÞ means of s2n: Our result gives
the necessary and sufficient condition for the ðC; dÞ summability of the generalized
Gegenbauer expansion. It is used, in turn, in the proof of the necessity in the case of

Sd�1 and Bd (see Section 3). The summability of the generalized Gegenbauer
expansions was studied from the point of view of positivity in [8], where a positive
convolution structure was defined. For the most part, such a structure can be derived
from the explicit formula (1.14) and it does not give the sharp result for the ðC; dÞ
means.

For the weight function W T
k;m; the relation between the h-harmonics and the

orthogonal polynomials with respect to W T
k;m leads to a compact formula for the
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reproducing kernel PnðW T
k;m; x; yÞ [18]

PnðW T
k;m; x; yÞ

¼ ckcm
2n þ jkj1 þ mþ d�1

2

jkj1 þ mþ d�1
2

Z 1

�1

Z
½�1;1	d


 C
ðjkj1þmþd�1

2
Þ

2n ð ffiffiffiffiffiffiffiffiffi
x1y1

p
t1 þ?þ ffiffiffiffiffiffiffiffiffiffi

xdyd
p

td þ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj1

q
Þ



Yd

i¼1

ð1� t2i Þ
ki�1

dtð1� s2Þm�1
ds: ð1:15Þ

However, the case of the orthogonal expansion with respect to W T
k;m on Td is more

complicated; its summability does not follow directly from that of h-harmonics.
Consequently, it is necessary to derive accurate estimates for the kernel function.
There are clearly similarities between (1.5) and (1.15), so that the ðC; dÞ means of the

kernel PnðW T
k;m; x; yÞ can be estimated using a similar technique as in the case of h-

harmonics. There are, however, additional difficulties that lead to a certain

restriction on the parameters in our results for W T
k;m:

The paper is organized as follows. In Section 2 we state and discuss the main
results of the paper. The proof of these results are given in Section 3, assuming a
result on the generalized Gegenbauer polynomials that is needed for the necessary

part of Theorem 2.4 and the estimate of the ðC; dÞ kernel in the case of W T
k;m: The

result on the general Gegenbauer polynomials is proved in Section 4, which amounts
to prove a lower bound for a double integral of the Jacobi polynomials. The estimate
of the ðC; dÞ kernel of the of h-harmonic expansion is given in Section 5 and the

estimate of the kernel in the case of W T
k;m is given in Section 6.

2. Main results

2.1. h-harmonic expansion

Let Sd
nðh2

k; f Þ denote the Cesàro ðC; dÞ means of the Fourier series of f in h-

harmonics. It follows from (1.3) that we can write

Sd
nðh2

k; f ; xÞ ¼
Z

Sd�1

f ðyÞKd
n ðh2

k; x; yÞh2
kðyÞ doðyÞ;

where Kd
n ðh2

k; x; yÞ denote the Cesàro ðC; dÞ means of the kernel Pnðh2
k; x; yÞ;

Kd
n ðh2

k; x; yÞ ¼
1

n þ d

n

 !Xn

k¼0

n � k þ d

n � k

 !
Pkðh2

k; x; yÞ:
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Our first result is about uniform summability of the h-harmonic expansion.

Theorem 2.1. The ðC; dÞ means of the h-harmonic expansion of every continuous

function f with respect to h2
k in (1.1) converge uniformly to f on Sd�1 if and only if

d4ðd � 2Þ=2þ jkj1 � min
1pipd

ki: ð2:1Þ

Let Lpðh2
k;Sd�1Þ; 1ppoN; denote the weighted Lp space. An immediate corollary

of Theorem 2.1 is the following result.

Corollary 2.2. The ðC; dÞ means of the h-harmonic expansion of a function f for h2
k in

(1.1) converge to f in the Lpðh2
k;Sd�1Þ norm, 1ppoN; or CðSdÞ norm for p ¼ N;

provided (2.1) holds. For p ¼ 1 and N; condition (2.1) is also necessary.

The proof of Theorem 2.1 amounts to show that the Lebesgue functions

InðxÞ :¼
Z

Sd�1

jKd
n ðh2

k; x; yÞjh2
kðyÞ do

are uniformly bounded in n for all xASd�1 if and only if (2.1) holds. If one of the ki is
zero, then the simple proof [15] applies, which reduces the proof to that of
Gegenbauer expansion in one variable, similar to the case of ordinary spherical
harmonics. However, as discussed in the introduction, if none of the ki is zero, then
the proof of the sharp result in Theorem 2.1 can no longer be reduced to that of one
variable. Indeed, the sufficient part of the proof is based on an accurate estimate of

the kernel Kd
n ðh2

k; x; yÞ; proved using the explicit formula (1.5) of the reproducing

kernel. The proof of the necessity follows from evaluating InðxÞ at the points of

intersection of certain great circles, which are defined by the intersection of Sd�1 and

the coordinate planes. In fact, these great circles are like boundaries on Sd�1 and the
proof of necessity shows that the InðxÞ attains its maximum on this boundary. Let us
define

Sd�1
int :¼ Sd�1

[d
i¼1

fxASd�1: xi ¼ 0g
-

;

which is the interior region bounded by these boundaries on Sd�1: We note that the

points on the planes fx : xi ¼ 0g are exactly where the weight function h2
k in (1.1) has

singularity. We have the following result.

Theorem 2.3. Let f be continuous on Sd�1: If d4ðd � 2Þ=2; then the ðC; dÞ means of

the h-harmonic expansion of f for h2k in (1.1) converge to f for every xASd�1
int :

Moreover, the convergence is uniform over each compact set contained inside Sd�1
int :

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333 275



In other words, for the pointwise convergence away from the singularity of hk; the
convergence holds if d4ðd � 2Þ=2; independent of the value k; which is the same as
the critical index for the ordinary harmonics. This phenomenon does not show up
when we deal with the ordinary harmonics, for which there is no difference in critical

index between uniform and pointwise convergence. According to this theorem, Sd�1

equipped with h2
k do possesses boundaries. This fact can be better understood when

we consider the connection between h-harmonics and orthogonal polynomials on Bd

and those on Td :

2.2. Orthogonal expansion on the ball

The connection between h-harmonics and orthogonal polynomials on Bd is

described in [16] for a large class of weight functions on Sd�1: We shall restrict

ourself to hk in (1.1) and W B
k;m in (1.8). We need to emphasis that the connection is

between orthogonal polynomials on Bd and on Sd (not Sd�1); the weight function

W B
k;m is related to the weight function hk;m defined on Sd by

hk;mðxÞ ¼
Yd

i¼1

jxijki jxdþ1jm; kiX0; mX0; ð2:2Þ

where x ¼ ðx1;y; xdþ1ÞASd : Let us denote by fPn
agjaj¼n an orthonormal basis of

Vd
nðW B

k;mÞ; where aANd
0 : Since W B

k;m is an even function in each of its variables, Pn
a

can be chosen as even functions when n is even and odd functions when n is odd.

Define functions Y n
a on Rdþ1 by

Y n
a ðyÞ ¼ rnPn

aðxÞ; where y ¼ rðx; xdþ1Þ; r ¼ jyj:

Note that x ¼ ðx1;y; xdÞABd under the above change of variables. It turns out that
Y n

a are homogeneous polynomials of degree n in y; and they form an orthonormal

basis for Hdþ1
n ðh2

k;Z2Þ which consists of h-harmonics of degree n that are invariant

under sign changes of the last component; that is,

Hdþ1
n ðh2

k;Z2Þ ¼ fYAHdþ1
n ðh2

kÞ: Yðx;xdþ1Þ ¼ Yðx;�xdþ1Þg:

In particular, the great circle xdþ1 ¼ 0 on Sd becomes the boundary of Bd ; since

x2
dþ1 ¼ 1� jxj2: As a consequence of this connection, we can derive a compact

formula for the reproducing kernel PnðW B
k;m; x; yÞ from the relation

PnðW B
k;m; x; yÞ ¼ ½Pnðh2

k;m; ðx; xdþ1Þ; ðy; ydþ1ÞÞ

þ Pnðh2
k;m; ðx; xdþ1Þ; ðy;�ydþ1ÞÞ	=2: ð2:3Þ

Combining (2.3) and (1.5) we derive the explicit formula (1.11) for PnðW B
k;m; x; yÞ:
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Let Sd
nðW B

k;m; f Þ denote the Cesàro ðC; dÞ means of the orthogonal expansion of f

with respect to W B
k;m: It follows from (1.10) that we can write

Sd
nðW B

k;m; f ; xÞ ¼
Z

Bd

f ðyÞKd
nðW B

k;m; x; yÞW B
k;mðyÞ dy;

where Kd
nðW B

k;mÞ denote the Cesàro ðC; dÞ means of the reproducing kernel PnðW B
k;mÞ;

Kd
nðW B

k;m; x; yÞ ¼
1

n þ d

n

 !Xn

k¼0

n � k þ d

n � k

 !
PnðW B

k;m; x; yÞ:

We state the results concerning W B
k;m as follows.

Theorem 2.4. The ðC; dÞ means of the orthogonal expansion of every continuous

function f with respect to W B
k;m in (1.8) converge uniformly to f on Bd if and only if

d4ðd � 1Þ=2þ jkj1 þ m�minfk1;y; kd ; mg: ð2:4Þ

Corollary 2.5. The ðC; dÞ means of the orthogonal expansion of f with respect to W B
k;m

in (1.8) converge to f in the LpðW B
k;m;BdÞ norm, 1ppoN; or CðBdÞ norm for p ¼ N;

if (2.4) holds. Moreover, the condition (2.4) is necessary for p ¼ 1 and N:

For the classical orthogonal expansions with respect to W B
m on Bd ; some partial

results were obtained early in the literature, see [7, Chapter 12], with the restriction
m ¼ ðd � 1Þ=2; the sufficient and necessary condition in Theorem 2.4 was first proved
in [19].

To state the pointwise convergence, we need to define the following set

Bd
int :¼ fxABd : jxjo1 and xia0; 1pipdg;

which is the interior region bounded by the boundary of Bd and by the hyperplanes
fx : xi ¼ 0g for 1pipd: Then we have

Theorem 2.6. Let f be continuous on Bd : If d4ðd � 1Þ=2; then the ðC; dÞ means of the

orthogonal expansion of f with respect to W B
k;m in (1.8) converge to f for every xABd

int:

Moreover, the convergence is uniform over each compact set contained inside Bd
int:

In other words, for the pointwise convergence away from the singularity of W B
k;m;

the convergence holds if d4ðd � 1Þ=2; independent of the values of k and m: The
result appears to be new even for the classical weight function W B

m ðxÞ: To illustrate

the result, we note that for the Lebesgue measure (WmðxÞ ¼ 1 or m ¼ 1=2) the

uniform convergence on Bd holds if and only if d4d=2; while the pointwise

convergence holds in the interior of Bd whenever d4ðd � 1Þ=2:
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2.3. Orthogonal expansion for wl;m on ½�1; 1	

The necessity of Theorems 2.1 and 2.4 will be proved by choosing some special
points on the boundary, which reduces the problem to the case of one variable; in
fact, it reduces the problem essentially to the Cesàro summability of the generalized
Gegenbauer expansion associated with the weight function wl;m on ½�1; 1	 in (1.12).

Denote the Cesàro means of the generalized Gegenbauer expansion by sdnðwl;m; f Þ:
It can be written as an integral operator

sdnðwl;m; f ; xÞ ¼
Z 1

�1

Kd
n ðwl;m; x; yÞf ðyÞwl;mðyÞ dy;

where the kernel Kd
n ðwl;mÞ can be written in terms of the kernel Kd

n ðwlþmÞ of the

Cesàro means of the Gegenbauer polynomials,

Kd
n ðwl;m; x; yÞ ¼ clcm

Z 1

�1

Z 1

�1

Kd
n ðwlþm; 1; txy þ s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
Þ


 ð1þ tÞð1� t2Þm�1ð1� s2Þl�1
dt ds: ð2:5Þ

This formula follows from taking the ðC; dÞ means of the product type formula
(1.14) of the generalized Gegenbauer polynomials. As we mentioned in the
introduction, the ðC; dÞ summability of the generalized Gegenbauer expansion does
not follow from that of the Jacobi expansion, even though the orthogonal
polynomials are related. As far as we know, the following theorem is new. It should
be compared with the Theorem 9.1.3 in [12, p. 246].

Theorem 2.7. The ðC; dÞ means of the generalized Gegenbauer expansion of every

continuous function f converge uniformly to f on ½�1; 1	 if and only if d4maxfl; mg:

To prove this result, a standard argument shows that it suffices to prove that

Td
n ðwl;m; xÞ :¼

Z 1

�1

jKd
n ðwl;m; x; yÞjwl;mðyÞ dy ð2:6Þ

is uniformly bounded if and only if d4maxfl; mg: The sufficient part follows from
taking d ¼ 1 in Theorem 2.4. The necessary part is the consequence of the
Proposition 2.8 below.

Proposition 2.8. If lXm; then Tl
n ðwl;m; 1ÞXc log n; if m4l; then Tm

n ðwl;m; 0ÞXc log n:

This proposition will be proved in Section 4, which essentially comes down to
prove a lower bound for a double integral of the Jacobi polynomials (Proposition
4.2) that is of interest in itself.
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2.4. Orthogonal expansion on the simplex

The connection between the h-harmonics with respect to (2.2) and orthogonal

polynomials with respect to W T
k;m is established in [17]. Let us denote by fQn

agjaj¼n an

orthonormal basis of Vd
nðW T

k;mÞ: We define functions Y 2n
a on Rdþ1 by

Y 2n
a ðyÞ ¼ r2nQn

aðx2
1;y; x2

dÞ; where y ¼ rðx; xdþ1Þ; r ¼ jyj:

Note that ðx2
1;y; x2

dÞATd and we define xdþ1 by jxj2 þ x2
dþ1 ¼ 1: It turns out that

Y 2n
a are homogeneous polynomials of degree 2n in y; and they form an orthonormal

basis for Hdþ1
2n ðh2

k;Z
dþ1
2 Þ which consists of h-harmonics of degree 2n that are

invariant under Zdþ1
2 (cf. [17, Theorem 3.2]); that is,

Hdþ1
2n ðh2

k;Z
dþ1
2 Þ ¼ fYAHdþ1

2n ðh2
kÞ: Yð7y1;y;7ydþ1Þ ¼ Yðy1;yydþ1Þg:

In particular, the great circles xi ¼ 0; 1pipd þ 1; on Sd become the boundary of

Td : Formula (1.15) of the reproducing kernel PnðW T
k;m; x; yÞ is obtained from (1.5)

using this connection (cf. [18, Theorem 2.2]).

The Cesàro ðC; dÞ means Sd
nðW T

k;m; f Þ and the kernel Kd
n ðW T

k;m; x; yÞ are defined

similarly as in the case of W B
k;m on Bd : If one of ki is zero, then the ðC; dÞ summability

has been studied in [18], while the proof essentially reduces to that of Jacobi
expansion on ½�1; 1	: However, in the general case of all ki nonzero, we need to

derive sharp estimates of the kernel Kd
n ðW T

k;m; x; yÞ; as in the case of the proof of

Theorem 2.1. Although there is similarity between the explicit formulae (1.5) and
(1.15), there is also a significant difference between their ðC; dÞ means. In fact, we are

able to derive the estimate for Kd
n ðW T

k;m; x; yÞ only under the following additional

assumption on k:

Xdþ1

i¼1

ð2ki � ½ki	ÞX1þ min
1pipdþ1

ki with m ¼ kdþ1; ð2:7Þ

where ½x	 stands for the largest integer part of x: Consequently, our result on
summability holds also under this assumption. We should like to point out that
assumption (2.7) excludes only a small range of the parameters. Indeed, if one of the
parameter, say k1 or m; is 1=2; or if one of the parameter is X1; then (2.7) holds. In
particular, it holds for the unit weight function ðk1 ¼ y ¼ kdþ1 ¼ 1=2Þ: Our result is
as follows.

Theorem 2.9. Suppose the parameters of W T
k;m satisfy (2.7). Then the ðC; dÞ means of

the orthogonal expansion of every continuous function with respect to W T
k;m converge

uniformly to f on Td if and only if (2.4) holds.

Corollary 2.10. Suppose the parameters of W T
k;m satisfy (2.7). The ðC; dÞ means of the

orthogonal expansion of f for W T
k;m converge to f in the LpðW T

k;m;TdÞ norm, 1ppoN;
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or CðTdÞ norm for p ¼ N; if (2.4) holds. Moreover, condition (2.4) is necessary for

p ¼ 1 and p ¼ N:

The proof will show that the necessary part of the theorem holds without the
condition (2.7). Naturally, we expect that the sufficient part also holds for all kiX0
without condition (2.7). This is indeed the case if at least one ki ¼ 0; as proved in
[18]. The sufficient part of the theorem is not proved only for some of the cases in the

range 0okio1; 1pipd þ 1; and 2
Pdþ1

i¼1 kio1þmin1pipdþ1 ki: In the case that all

ki are the same, this could happen only if 0okio1=ð2d þ 1Þ:
For the pointwise convergence, the result similar to Theorem 2.6 holds with the

boundary becoming the natural boundary of the simplex. However, a stronger
condition on the parameters is needed in this case, which is

Xdþ1

i¼1

ðki � ½ki	ÞX1 with m ¼ kdþ1: ð2:8Þ

We note that this condition is satisfied if two or more of the parameters lie in the
interval ½1=2; 1Þ; which include the case of unit weight function.

Theorem 2.11. Suppose the parameters of W T
k;m satisfy (2.7). Let f be continuous on

Td : If d4ðd � 1Þ=2; then the ðC; dÞ means of the orthogonal expansion of f with

respect to W T
k;m converge to f for every point in the interior of Td : Moreover, the

convergence is uniform over each compact set contained in the interior of Td :

Again we expect that this theorem holds without condition (2.7). To illustrate the
results, We state the case of unit weight function WðxÞ ¼ 1 as the following
corollary.

Corollary 2.12. The ðC; dÞ means of the orthogonal expansion of every continuous

function f with respect to the unit weight function WðxÞ ¼ 1 on Td converge uniformly

to f if and only if d4d � 1=2: Furthermore, the ðC; dÞ means converge to f uniformly

over each compact set contained in the interior of Td if d4ðd � 1Þ=2:

This is the case of ki ¼ 1=2 for 1pipd and m ¼ 1=2 in the theorems.

Much of the difference between orthogonal expansions on Td and those on Bd can

be seen already in the case d ¼ 1: For W B
k;m; the case d ¼ 1 is the generalized

Gegenbauer weight (1.12). For W T
k;m; the case d ¼ 1 is the Jacobi weight function

wða;bÞðtÞ ¼ Gðaþ bþ 2Þ
2aþbþ1Gðaþ 1ÞGðbþ 1Þ ð1� tÞað1þ tÞb

defined on ½�1; 1	: The corresponding Jacobi polynomials are customarily denoted

by P
ða;bÞ
n ðtÞ: Let p

ða;bÞ
n denote the orthonormal Jacobi polynomial which differs from

P
ða;bÞ
n by a constant (cf. [12, (4.3.4), p. 68]). Denote the Cesàro means of the Jacobi

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333280



polynomial expansion by sdnðwða;bÞ; f Þ: It can be written as an integral operator

sdnðwða;bÞ; f Þ ¼
Z 1

�1

f ðyÞKd
n ðwða;bÞ; x; yÞwða;bÞðyÞ dy;

where the kernel Kd
n ðwða;bÞ; x; yÞ is the ðC; dÞ means of the nth reproducing kernel

Knðwða;bÞ; x; yÞ ¼
Pn

k¼0 p
ða;bÞ
k ðxÞpða;bÞ

k ðyÞ: The necessary part of Theorem 2.9 will be

proved using the ðC; dÞ summability of the Jacobi expansion.

2.5. Further comments

As we mentioned in the introduction, the ðC; dÞ means of the h-harmonic
expansion for hk in (1.2) and any finite reflection group converge uniformly if (1.7)

holds. Restricted to the group Zd
2 ; condition (1.7) becomes d4ðd � 2Þ=2þ jkj1:

Hence, Theorem 2.1 shows that condition (1.7) is not sharp in the case of Zd
2 : This

naturally suggests that condition (1.7) is not sharp for other reflection groups.
Although this is likely the case, the lack of the explicit formula for the intertwining
operator V makes this problem inaccessible at the moment.

We have found the critical index for these classical type weight functions on Sd�1;

Bd and Td : There are many other questions that one may consider; for examples,
summability below the critical index, almost everywhere convergence, various
multiplier type theorems. For further study, however, more delicate estimates of the
kernel functions are likely to be necessary and considerable difficulties will have to be
resolved. In this respect, the estimate for the Jacobi expansion in [2] may be helpful.

Our results show that the summability of orthogonal expansions on Bd and that

on Td have similar behavior, and the critical index in both cases look to be the same.
This, however, should not leave the false impression that the behavior is a typical one

for other family of weight functions on Rd : The other cases that have been studied so
far show significant differences in both results and proof. We refer to [10] for the

ðC; dÞ summability of multiple Jacobi expansion on ½�1; 1	d ; and to the monograph
[13] for the multiple Hermite and multiple Laguerre expansions.

3. Proof of the main theorems

Throughout the rest of this paper, we denote by c a generic positive constant
whose value may vary in different occurrences. We will also use the convention ABB

which means that there exist positive constants c1 and c2 such that c1pjA=Bjpc2:
For the proof of the sufficient part of Theorem 2.1 the following estimate is

fundamental.
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Theorem 3.1. Let %x ¼ ðjx1j;y; jxd jÞ: For x; yASd�1 and d4ðd � 2Þ=2;

jKd
n ðh2

k; x; yÞjp c

Qd
j¼1 ðjxjyjj þ n�1j %x� %yj þ n�2Þ�kj

nd�ðd�2Þ=2ðj %x� %yj þ n�1Þdþðd=2Þ

"

þ
Qd

j¼1 ðjxjyjj þ j %x� %yj2 þ n�2Þ�kj

nðj %x� %yj þ n�1Þd

#
:

The proof of this estimate is rather involved and long, we delay it to Section 5.
Below we use it to prove the sufficient part of Theorem 2.1. Note that the estimate is

invariant under the action of Zd
2 : We denote by Sd

þ the positive quadrant of Sd ; that

is, Sd
þ ¼ fxASd : x1X0;y; xdX0g:

Proof of Theorem 2.1 (Sufficient part). The proof amounts to showing that

InðSd�1; xÞ :¼
Z

Sd�1

jKd
n ðh2

k;x; yÞjh2
kðyÞ doðyÞpM;

where M is a constant, for all xASd�1: Using the estimate in Theorem 3.1 and the

fact that the estimate is Zd
2 invariant, we only need to establish the inequality for

xASd�1
þ and we can restrict the integral of InðSd�1Þ to Sd�1

þ : Let x ¼
ðx1;y; xdÞASd�1

þ be fixed. Then by Theorem 3.1,

InðSd�1; xÞp c

nd�ðd�2Þ=2



Z

Sd�1
þ

Qd
j¼1 ðxjyj þ n�1jx� yj þ n�2Þ�kj

ðjx� yj þ n�1Þdþðd=2Þ

Yd

j¼1

jyjj2kj do

þ c

n

Z
Sd�1
þ

Qd
j¼1 ðxjyj þ jx� yj2 þ n�2Þ�kj

ðjx� yj þ n�1Þd

Yd

j¼1

jyjj2kj do:

In the following, we use the notation InðE; xÞ when the integral region is restricted

to a subset E of Sd�1
þ : Let l be the index for which xl is the largest element in x:

Then xlXjxj=
ffiffiffi
d

p
¼ 1=

ffiffiffi
d

p
: Without loss of generality, let us assume l ¼ d:

Let Sfydpsg :¼ fyASd�1
þ : ydpsg and define SfydXsg similarly. If 0oydo1=2

ffiffiffi
d

p
;

then jx� yjXjxd � yd jX1=2
ffiffiffi
d

p
; and the second integral is bounded by a constant.

Hence, we have

InðSfydp1=2
ffiffi
d

p
g; xÞp cn�dþðd�2Þ=2



Z

Sd�1
þ

njkj1�kd

Yd�1

j¼1

y
2kj

j ykd

d doðyÞ þ cn�1pc:

If ydX1=2
ffiffiffi
d

p
; then jxdyd jX1=2d so that the term involving xdyd is bounded by a

constant. Let x0 ¼ ðx1;y; xd�1Þ: We note that jx0j2 ¼ 1� x2
dp1� 1=d: Using the
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elementary inequalities jx� yjXjx0 � y0j; and jy0jp1� 1=4d for yASfydX1=2
ffiffi
d

p
g; and

changing the integral over Sd�1
fydX1=2

ffiffi
2

p
g to an integral over Rd�1

þ ; we conclude that

InðSfydX1=2
ffiffi
d

p
g; xÞ

p
c

nd�ðd�2Þ=2

Z
B

Qd�1
j¼1 ðxjuj þ n�1jx0 � uj þ n�2Þ�kj

ðjx0 � uj þ n�1Þdþðd=2Þ

Yd�1

j¼1

jujj2kj du

þ c

n

Z
B

Qd�1
j¼1 ðxjuj þ jx0 � uj2 þ n�2Þ�kj

ðjx0 � uj þ n�1Þd

Yd�1

j¼1

jujj2kj du;

where B ¼ fuARd�1
þ : jujp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1=4d

p
g: We denote the two integrals by I1ðxÞ and

I2ðxÞ; respectively, and estimate them separately.

In order to estimate I1ðxÞ; first we claim that for u; x0ARd�1
þ ;

ðjx0 � uj þ n�1Þðxjuj þ n�1jx0 � ujÞXn�1jujj2=4:
Indeed, if xjXuj=2; then simply drop jx0 � uj terms; if xjpuj=2; then use the

inequality jx0 � ujXjxj � uj jXuj=2 and drop the xjuj term. Using this inequality we

see that

I1ðxÞpcn�dþðd�2Þ=2þjkj1�kd

Z
B

1

ðjx0 � uj þ n�1Þdþðd=2Þ�jkj1þkd
du:

Let s ¼ d� ðd � 2Þ=2� ðjkj1 � kdÞ: Enlarging the integral domain from B to

fy : jx0 � ujp1g; we conclude that

I1ðxÞp cn�s
Z
jx0�ujp1

1

ðjx0 � uj þ n�1Þsþd�1
du

¼ cn�s
Z

Bd�1

1

ðjuj þ n�1Þsþd�1
du

¼ cn�s
Z 1

0

rd�2 1

ðr þ n�1Þsþd�1
drpc

Z n

0

dt

ð1þ tÞ1þs;

which is bounded uniformly in n if s40: This gives the desired result since (2.1)
implies s40:

To estimate I2ðxÞ; we use the elementary inequality that for x0; uARd�1
þ ;

xjuj þ jx0 � uj2Xxjuj þ jxj � ujj2=2 ¼ ðx2
j þ u2

j Þ=2Xu2
j =2:

Using this inequality and enlarging the integral domain as before, we conclude that

I2ðxÞp cn�1

Z
B

1

ðjx0 � uj þ n�1Þd
du

p cn�1

Z 1

0

rd�2 1

ðr þ n�1Þd
drpc

Z n

0

1

ð1þ tÞ2
dtpc:

Putting these estimates together, we see that InðxÞ is bounded uniformly in n under
condition (2.1). This completes the proof of the sufficient part of Theorem 2.1. &
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For the proof of Theorem 2.3, a different estimate is needed for x not on the great

circles defined by the intersection of Sd�1 and the coordinate planes fx : xi ¼ 0g:
Recall that the interior region bounded by the great circles is denoted by Sd�1

int : We

use the notation cðxÞ to denote a generic function that depends on x only, whose
value may vary in different occurrences.

Theorem 3.2. Let xASd�1
int : Then for ðd � 2Þ=2odpd=2 and yASd�1;

(i) if jyjjpjxj j=2 for some j; then

jKd
n ðh2

k; x; yÞjpcðxÞn�dþðd�2Þ=2
Yd

i¼1

ðjyij þ n�1Þ�ki ;

(ii) if for all 1pjpd; jyjj4jxjj=2 and xjyj40; then

jKd
n ðh2

k; x; yÞjpcðxÞn�dþðd�2Þ=2ðjx� yj þ n�1Þ�d�d=2;

(iii) if for all 1pjpd; jyjj4jxj j=2 and xiyio0 for some i; then there exists a constant

Z40 (independent of y), such that

jKd
n ðh2

k; x; yÞjpcðxÞn�dþðd�2Þ=2ðj %x� %yj þ n�1Þ�d�d=2þZ:

Again we delay the proof of the estimate to Section 5 and go on with the proof of
the main theorem.

Proof of Theorem 2.3. Let d4ðd � 2Þ=2: We may assume that dpd=2; since if

ðC; d0Þ means converge, then ðC; dÞ means converge for all d4d0: Let xASd�1
int be

fixed. For each r40; we define

Er :¼ ErðxÞ :¼ fyASd�1: jy� xj4rg:

A standard argument shows that, to prove the theorem, it is sufficient to prove that
for d4ðd � 2Þ=2 and r40

InðEr; xÞ :¼
Z

ErðxÞ
jKd

n ðh2
k; x; yÞjh2

kðyÞ do-0 as n-N ð3:1Þ

and

InðSd�1; xÞ :¼
Z
yASd�1

jKd
n ðh2

k; x; yÞjh2
kðyÞ dopcðxÞoN: ð3:2Þ

To prove (3.1), we define three sets corresponding to the cases in Theorem 3.2:

F1 :¼ fyASd�1: jyj jpjxjj=2 for some jg;
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F2 :¼ fyASd�1: jyij4jxij=2 and xiyi40; 1pipdg;

F3 :¼ fyASd�1: jyij4jxij=2; 1pipd; and xjyjo0 for some jg:

Recall that h2
kðyÞ ¼

Qd
i¼1 jyij2ki : By (i) of Theorem 3.2 we have

InðEr-F1; xÞp cðxÞn�dþðd�2Þ=2
Z

Sd�1

Yd

i¼1

ðjyij þ n�1Þ�ki jyij2ki do

p cðxÞn�dþðd�2Þ=2;

which goes to 0 as n-N; since d4ðd � 2Þ=2: By (ii) of Theorem 3.2 and the fact
that jx� yjXr for yAEr; we have

InðEr-F2; xÞpcðxÞn�dþðd�2Þ=2
Z

Sd�1

h2
kðyÞ do;

which again goes to 0 as n-N: Finally, by part (iii) of Theorem 3.2 and the fact that

h2
kðyÞp1; we have

InðEr-F3; xÞp cðxÞn�dþðd�2Þ=2
Z

Sd�1

ðj %x� %yj þ n�1Þ�d�d=2þZ
h2
kðyÞ do

pcðxÞn�dþðd�2Þ=2
Z

Sd�1
þ

ðj %x� yj2 þ n�2Þ�ðdþd=2�ZÞ=2
do;

while passing to Sd�1
þ allows us to replace %y by y: We then enlarge the integral

domain from Sd�1
þ to Sd�1 and use the well-known formula for f :R-R;

Z
Sd�1

f ð/x; ySÞ doðyÞ ¼ od�2

Z 1

�1

f ðsÞð1� s2Þðd�3Þ=2
ds; ð3:3Þ

where xASd�1; and the fact that j %x� yj2 ¼ 2ð1�/ %x; ySÞ to conclude that for
0oZodþ d=2;Z

Sd�1
þ

ðj %x� yj2 þ n�2Þ�ðdþd=2�ZÞ=2
do

pod�2

Z 1

�1

ð1� s2Þðd�3Þ=2

ð1� s þ n�2Þðdþd=2�ZÞ=2 ds

pc

Z 1

0

ð1� sÞðd�3Þ=2

ð1� s þ n�2Þðdþd=2�ZÞ=2 ds

pc

nd�ðd�2Þ=2�Z if d� ðd � 2Þ=2� Z40;

log n if d� ðd � 2Þ=2� Z ¼ 0;

1 if d� ðd � 2Þ=2� Zo0:

8><
>:
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Consequently, we conclude that

InðEr-F3; xÞpcðxÞ
n�Z if d� ðd � 2Þ=2� Z40;

n�dþðd�2Þ=2 log n if d� ðd � 2Þ=2� Z ¼ 0;

n�dþðd�2Þ=2 if d� ðd � 2Þ=2� Zo0;

8><
>:

which goes to 0 as n-N: Putting these estimates together and noticing that Sd�1 ¼
F1,F2,F3; we have proved (3.1).

To prove (3.2), we again use the estimate of the kernel in Theorem 3.2. Since in the
above estimate of InðEr-F1; xÞ and InðEr-F3; xÞ we did not use the fact that yAEr;
these estimates hold for InðF1; xÞ and InðF3; xÞ as well. In particular, these two terms
are bounded. Hence, we are left with the case InðF2; xÞ: From (ii) in Theorem 3.2, it
follows that

InðF2; xÞpcðxÞn�dþðd�2Þ=2
Z

Sd�1

ðjx� yj þ n�1Þ�d�d=2
h2
kðyÞ do:

Estimating the integral by the use of (3.3) as we did in the case of InðEr-F3; xÞ; we
obtain

InðF2; xÞp cðxÞn�dþðd�2Þ=2
Z 1

�1

ð1� s2Þðd�3Þ=2

ð1� s þ n�2Þðdþd=2Þ=2 ds

p cðxÞn�dþðd�2Þ=2 � nd�ðd�2Þ=2 ¼ cðxÞ:

Consequently, (3.2) is proved. The proof of Theorem 2.3 is complete. &

Proof of Theorem 2.4 (Sufficient part). This will follow from that of Theorem 2.1,
and a more general result has been proved in [20]. We shall be brief. Let

Kd
nðW B

k;m; x; yÞ denote the ðC; dÞ means of the reproducing kernel associated with

W B
k;m: Using the integral formula (see [16, (2.5)])Z

Sd

gðzÞ dod ¼
Z

Bd

½gðy;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj2

q
Þ þ gðy;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj2

q
Þ	 dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� jyj2
q

with gðy; ydþ1Þ ¼ jKd
nðW B

k;m; x; yÞj
Qd

i¼1 jyij2ki jydþ1j2m we conclude thatZ
Bd

jKd
nðW B

k;m; x; yÞjW B
k;mðyÞ dy ¼ 1

2

Z
Sd

jKd
n ðW B

k;m; x; yÞjh2
k;mðzÞ dz;

where z ¼ ðy; ydþ1Þ: On the other hand, taking the ðC; dÞ means of (2.3) gives

Kd
nðW B

k;m; x; yÞ ¼ ½Kd
n ðh2

k;m; ðx; xdþ1Þ; ðy; ydþ1ÞÞ

þ Kd
n ðh2

k;m; ðx; xdþ1Þ; ðy;�ydþ1ÞÞ	=2
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with xdþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
for hk;m in (2.2). Hence,Z

Bd

jKd
nðW B

k;m; x; yÞjW B
k;mðyÞ dy

p
1

2

Z
Sd

jKd
n ðh2

k;m; ðx; xdþ1Þ; zÞjh2
k;mðzÞ dz;

from which we conclude that the sufficiency of Theorem 2.4 follows from that of
Theorem 2.1. &

Evidently, the same argument also shows that Theorem 2.6 is the consequence of
Theorem 2.3.

Proof of Theorems 2.1 and 2.4 (Necessary part). The case d ¼ 1 reduces to the
generalized Gegenbauer expansion. So we assume dX2: Since the proof of the
sufficient part of Theorem 2.4 follows from the sufficient part of Theorem 2.1, the
necessary part of Theorem 2.4 will imply the necessary part of Theorem 2.1. Thus, it
suffices to prove the necessity of (2.4) in Theorem 2.4.

Let kdþ1 ¼ m: We first work with the case that kj ¼ min1pipdþ1 ki; where j is an

index between 1 and d: We may assume j ¼ 1: Setting y ¼ e1 :¼ ð1; 0;y; 0Þ in the
reproducing kernel (1.11) and using formula (1.14), we obtain

PnðW B
k;m; x; e1Þ ¼ ck1

n þ g
g

Z 1

�1

CðgÞ
n ðx1t1Þð1þ t1Þð1� t21Þ

k1�1
dt1

¼ C̃ðg�k1;k1Þ
n ð1ÞC̃ðg�k1;k1Þ

n ðx1Þ; ð3:4Þ

where g ¼
Pdþ1

i¼1 ki þ ðd � 1Þ=2 ðm ¼ kdþ1Þ: Consequently, recall the notation wl;m in

(1.12),

Kd
nðW B

k;m; x; e1Þ ¼ Kd
n ðwg�k1;k1 ; 1; x1Þ:

Hence, if d ¼ g� k1; then changing variables xi ¼ ui

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

1

q
for i ¼ 2;y; d; so that

the integral on Bd reduces to an integral of one variable, we getZ
Bd

jKd
nðW B

k;m; x; e1ÞjW B
k;mðxÞ dx

¼
Z

Bd

jKd
n ðwg�k1;k1 ; 1; x1Þj

Yd

i¼1

jxij2kið1� jxj2Þm�1=2
dx

¼ c

Z 1

�1

jKd
n ðwg�k1;k1 ; 1; x1Þjwg�k1;k1ðx1Þ dx1 ¼ cTd

n ðwg�k1;k1 ; 1Þ;

where the value of the constant c can be determined by setting n ¼ 0: Hence, since
d ¼ g� k1Xk1; the desired result follows from Proposition 2.8.
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We are left with the case that m ¼ kdþ1 ¼ min1pipdþ1 ki: In this case, taking y ¼ 0
in (1.11) and using (1.14), we obtain

PnðW B
k;m; x; 0Þ ¼ cm

n þ g
g

Z 1

�1

CðgÞ
n ðs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj2

q
Þð1� s2Þm1�1

ds

¼ C̃ðm;g�mÞ
n ð0ÞC̃ðm;g�mÞ

n ðjxjÞ:

Consequently, we conclude that

Kd
nðW B

k;m; x; 0Þ ¼ Kd
n ðwm;g�m; jxj; 0Þ

Hence, if d ¼ g� m; then using the polar coordinates we obtainZ
Bd

jKd
nðW B

k;m; x; 0ÞjW B
k;mðxÞdx ¼ c

Z 1

0

jKd
n ðwm;g�m; 0; rÞjwm;g�mðrÞ dr

¼ cTd
n ðwm;g�m; 0Þ:

Hence, since d ¼ g� mXm; we can use Proposition 2.8 to finish the proof. &

Corollary 2.5 follows from the fact that the L1ðW B
k;m;BdÞ norm of Sd

nðh2
k; f Þ is the

same as the CðBdÞ norm and the standard argument of the Riesz interpolation. The
proof of Corollary 2.12 follows similarly.

The proof of Theorem 2.7 and Proposition 2.8 are given in the next section.

In order to prove the theorems on the simplex Td ; we need sharp estimates of the

kernel Kd
nðW T

k;m; x; yÞ: For x; yATd ; define x ¼ ð ffiffiffiffiffi
x1

p
;y;

ffiffiffiffiffi
xd

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj1

p
Þ and z ¼

ð ffiffiffiffiffi
y1

p
;y;

ffiffiffiffiffi
yd

p
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj1

p
Þ: Recall that ½x	 denotes the integer part of x:

Theorem 3.3. Assume dþ
Pdþ1

i¼1 ðki � ½ki	ÞXðd þ 1Þ=2 with kdþ1 ¼ m: For x; yATd ;

jKd
nðW T

k;m; x; yÞjp c

Qdþ1
j¼1 ð ffiffiffiffiffiffiffiffi

xjyj
p þ n�1jx� zj þ n�2Þ�kj

nd�ðd�1Þ=2ðjx� zj þ n�1Þdþðdþ1Þ=2

"

þ
Qdþ1

j¼1 ð ffiffiffiffiffiffiffiffi
xjyj

p þ jx� zj2 þ n�2Þ�kj

nðjx� zj þ n�1Þdþ1

#
:

The proof of this estimate is being delayed to Section 5. Here we use it to prove
Theorem 2.9.

Proof of Theorem 2.9. To prove the sufficient part, we fix a d satisfying (2.4); that is,
d4ðd � 1Þ=2þ jkj1 �min1pipdþ1 ki with m ¼ kdþ1: Then condition (2.7) implies that

dþ
Pdþ1

i¼1 ðki � ½ki	Þ4ðd þ 1Þ=2; so that the estimate in Theorem 3.3 can be applied.

Replacing x by fxg2 :¼ ðx2
1;y; x2

dÞ and y by fyg2 :¼ ðy2
1;y; y2

dÞ in the estimate of
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Theorem 3.3, we get

jKd
nðW T

k;m; fxg
2; fyg2Þjp c

Qdþ1
j¼1 ðxjyj þ n�1j %x0 � %y0j þ n�2Þ�kj

nd�ðd�1Þ=2ðj %x0 � %y0j þ n�1Þdþðdþ1Þ=2

"

þ
Qdþ1

j¼1 ðxjyj þ j %x0 � %y0j2 þ n�2Þ�kj

nðj %x0 � %y0j þ n�1Þdþ1

#
;

where x0 ¼ ðx1;y; xd ; xdþ1Þ and y0 ¼ ðy1;y; yd ; ydþ1Þ both are points in Sd : The
right-hand side is the same as in the estimate of Theorem 2.4 with d replaced by
d þ 1: Therefore, using the formulaZ

Sd

f ðu2
1;y; u2

dþ1Þ doðuÞ ¼ 2

Z
Td

f ðy1;y; yd ; 1� jyj1Þ


 dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y1yydð1� jyj1Þ

p ;

which can be easily verified (see, for example, [17]), we conclude thatZ
Td

jKd
nðW T

k;m; fxg
2; yÞjW T

k;mðyÞ dy

¼ 1

2

Z
Sd

jKd
nðW T

k;m; fxg
2; fyg2Þjh2

k;mðy0Þ doðy0Þ: ð3:5Þ

Consequently, the proof of the sufficient part follows from that of Theorem 2.1.
We now prove the necessary part. First consider the case kj ¼ min1pipdþ1 ki for

some j with 1pjpd:We may assume j ¼ 1:Using [12, (4.3.4) and (4.1.5)] it is easy to
verify that

2n þ l
l

C
ðlÞ
2n ðtÞ ¼ pðl�1=2;�1=2Þ

n ð1Þpðl�1=2;�1=2Þ
n ð2t2 � 1Þ: ð3:6Þ

Taking ðC; dÞ means of PnðW T
k;m; x; yÞ in (1.15) and using (3.6), it follows that

Kd
nðW T

k;m; x; yÞ

¼ ck

Z
½�1;1	dþ1

Kd
n ðw

ðjkj1þ
d�2
2

;�1
2
Þ; 1; 2z2 � 1Þ

Ydþ1

i¼1

ð1� t2i Þ
ki�1

dt; ð3:7Þ

where z ¼ ffiffiffiffiffiffiffiffiffi
x1y1

p
t1 þ?þ ffiffiffiffiffiffiffiffiffiffi

xdyd
p

td þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj1

p
tdþ1; and we have used

jkj1 ¼
Pdþ1

i¼1 ki (recall m ¼ kdþ1). In particular, taking x ¼ e1 ¼ ð1; 0;y; 0Þ; we get

Kd
nðW T

k;m; e1; yÞ

¼ ck1

Z 1

�1

Kd
n ðw

ðjkj1þ
d�2
2

;�1
2
Þ; 1; 2y1t

2
1 � 1Þð1� t21Þ

k1�1
dt1:
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By definition Kd
n ðwðl�1=2;�1=2Þ; 1; sÞ is the Cesàro ðC; dÞ mean of the polynomials

p
ðl�1=2;�1=2Þ
n ð1Þpðl�1=2;�1=2Þ

n ðsÞ: Using (3.6) and (1.14), it follows as in (3.4) that

ctp
ðl�1=2;�1=2Þ
k ð1Þ

Z 1

�1

p
ðl�1=2;�1=2Þ
k ð2yt2 � 1Þð1� t2Þt�1

dt

¼ ct
2k þ l

l

Z 1

�1

C
ðlÞ
2k ð

ffiffiffi
y

p
tÞð1� t2Þt�1

dt

¼ C̃
ðl�t;tÞ
2k ð1ÞC̃ðl�t;tÞ

2k ð ffiffiffi
y

p Þ

¼ p
ðl�t�1=2;t�1=2Þ
k ð1Þpðl�t�1=2;t�1=2Þ

k ð2y � 1Þ;

where the last equality follows from (1.13) and checking the normalization constants.
Consequently, this shows

Kd
nðW T

k;m; e1; yÞ ¼ Kd
n ðw

ðl�k1�1
2
;k1�1

2
Þ; 1; 2y1 � 1Þ;

where l ¼ jkj1 þ ðd � 1Þ=2: Hence, changing variable yi ¼ ð1� y1Þui for 2pipd; we
get Z

Td

jKd
nðW T

k;m; e1; yÞjW T
k;mðyÞ dy

¼ c

Z 1

�1

jKd
n ðw

ðl�k1�1
2
;k1�1

2
Þ; 1; tÞjwðl�k1�1

2
;k1�1

2
ÞðtÞ dt:

Therefore, it follows from the summability of the Jacobi expansion that the

orthogonal expansion with respect to W T
k;m converges at e1 if and only if d4l� k1

([12, Theorem 9.1.4, p. 246]).
We are left with the case m ¼ kdþ1 ¼ min1pipdþ1 ki: In this case, taking x ¼ 0 in

(3.7) and following the same argument as above, we obtain

Kd
nðW T

k;m; 0; yÞ ¼ ckdþ1

Z 1

�1

Kd
n ðw

ðjkj1þ
d�2
2

;�1=2Þ; 1; 2ð1� jyj1Þt2 � 1Þ


 ð1� t2Þkdþ1�1
dt

¼Kd
n ðw

ðl�kdþ1�1
2
;kdþ1�1

2
Þ; 1; 1� 2jyj1Þ:

Hence, changing coordinates y ¼ sy0 with jy0j1 ¼ 1 (the c1 polar coordinates), we getZ
Td

jKd
nðW T

k;m; 0; yÞjW T
k;mðyÞ dy

¼ c

Z 1

0

sjkj1�kdþ1þd�2
2 Kd

n ðw
ðl�kdþ1�1

2
;kdþ1�1

2
Þ; 1; 1� 2sÞ


 ð1� sÞkdþ1�1
2 ds

¼ c

Z 1

�1

jKd
n ðw

ðl�kdþ1�1
2
;kdþ1�1

2
Þ; 1; tÞjwðl�kdþ1�1

2
;kdþ1�1

2
ÞðtÞ dt;
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where the constant can be determined by setting n ¼ 0: Hence, the necessity of
d4l� kdþ1 follows as in the previous case. &

For the proof of Theorem 2.11, we need the pointwise estimate of the kernel. The
statement, however, is simpler in this case. As in Theorem 3.3, we again use the

notations x and z associated with x and yATd ; respectively.

Theorem 3.4. Let x be a point in the interior of Td : Assume (2.7) with kdþ1 ¼ m and

ðd � 1Þ=2odpðd þ 1Þ=2: For yATd ;

(i) if yjpxj=2 for some j; then

jKd
nðW T

k;m; x; yÞjpcðxÞn�dþðd�1Þ=2
Ydþ1

i¼1

ð ffiffiffiffi
yi

p þ n�1Þ�ki ;

(ii) if for all 1pjpd; yj4xj=2; then

jKd
nðW T

k;m; x; yÞjpcðxÞn�dþðd�1Þ=2ðjx� zj þ n�1Þ�d�ðdþ1Þ=2:

The proof of this estimate is again being delayed to Section 5. Here we use it to
prove Theorem 2.11.

Proof of Theorem 2.11. As in the proof of Theorem 2.9, we replace x by fxg2 :¼
ðx2

1;y; x2
dÞ and y by fyg2 :¼ ðy2

1;y; y2
dÞ in the estimate of Theorem 3.4, and use the

notation x0 ¼ ðx1;y; xd ; xdþ1Þ and y0 ¼ ðy1;y; yd ; ydþ1Þ which are in Sd : This gives
an estimate that takes the form:

(i) if y2j px2
j =2 for some j; then

jKd
nðW T

k;m; fxg
2; fyg2ÞjpcðxÞn�dþðd�1Þ=2

Ydþ1

i¼1

ðyi þ n�1Þ�ki ;

(ii) if for all 1pjpd; y2
j 4x2

j =2; then

jKd
nðW T

k;m; fxg
2; fyg2ÞjpcðxÞn�dþðd�1Þ=2ðjx0 � y0j þ n�1Þ�d�ðdþ1Þ=2;

where we can assume that xiX0 and yiX0 for 1pipd þ 1: Note that the estimate in
(i) is the same, with d þ 1 replaced by d; as that of (i) in the proof of Theorem 2.4
and (ii) is the same as the first term in the estimate of (ii) in the proof of Theorem 2.4
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(the assumption xjyj40 holds automatically here). Therefore, rewriting (3.5) asZ
Td

jKd
nðW T

k;m; fxg
2; yÞjW T

k;mðyÞ dy

¼ 2dþ1

Z
Sd
þ

jKd
nðW T

k;m; fxg
2; fyg2jh2

k;mðy0Þ doðy0Þ;

since the integrand in the right-hand side is even for each of its variables, we see that
the proof of this theorem follows as in the proof of Theorem 2.5 and it is easier since
we only need cases (i) and (ii) here due to the fact that xi and yi are all
nonnegative. &

4. Generalized Gegenbauer expansion

In this section we prove the results on the generalized Gegenbauer expansion.
Essentially we give a proof of Proposition 2.8, since the proof of Theorem 2.7 follows
from it. Indeed, as indicated in Section 2.3 the sufficient part of Theorem 2.7 follows
from the case d ¼ 1 in Theorem 2.4, and the necessary part follows from the lower

bound of Tm
n ð0Þ and Tl

n ð1Þ in Proposition 2.8.

To prove Proposition 2.8 we first recall a formula about ðC; dÞmeans of the Jacobi
expansion [12, p. 261, (9.41.13)]. Recall that the Jacobi weight function is denoted by

wða;bÞ:

Lemma 4.1. For the ðC; dÞ means of the Jacobi polynomials,

Kd
n ðwða;bÞ; 1; uÞ ¼ cða; b; d; nÞPðaþdþ1;bÞ

n ðuÞ

þ
XN
j¼1

cjða; b; d; nÞKdþj
n ðwða;bÞ; 1; uÞ;

where the coefficients are given by

cða; b; d; nÞ ¼ Gðdþ 1ÞGðn þ aþ bþ dþ 2ÞGðn þ 1Þ
2aþbþ1Gðaþ dþ 2ÞGðn þ dþ 1ÞGðn þ bþ 1Þ


 Gð2n þ aþ bþ dþ 3Þ
Gð2n þ aþ bþ 2dþ 3Þ;

cjða; b; d; nÞ ¼ ð�1Þjþ1 d

j

 !
Gðn þ j þ dþ 1ÞGð2n þ aþ bþ dþ 3Þ
Gðn þ dþ 1ÞGð2n þ j þ aþ bþ dþ 3Þ:

Using the fact that Gðn þ a þ 1Þ=Gðn þ 1Þ ¼ nað1þ Oðn�1ÞÞ; it is easy to see that

jcða; b; d; nÞjBnaþ1�d; moreover, as shown in [1,3], jcjða; b; d; nÞjpcj�a�b�d�4 and it is

bounded as a function of n:
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Proof of Proposition 2.8. First it follows from (1.14) that

1
2
½C̃ðl;mÞ

n ð1ÞC̃ðl;mÞ
n ðxÞ þ C̃ðl;mÞ

n ð1ÞC̃ðl;mÞ
n ð�xÞ	

¼ C̃ðm;lÞ
n ð0ÞC̃ðm;lÞ

n ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
Þ:

Hence we have

Td
n ðwl;m; 1ÞX

1

2

Z 1

�1

jKd
n ðwl;m; 1; yÞ þ Kd

n ðwl;m; 1;�yÞjwl;mðyÞ dy

¼
Z 1

�1

jKd
n ðwm;l; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
Þjwl;mðyÞ dy

¼
Z 1

�1

jKd
n ðwm;l; 0; yÞjwm;lðyÞ dy ¼ Td

n ðwm;l; 0Þ:

Thus to finish the proof, we only need to prove that Tm
n ðwl;m; 0ÞXc log n when mXl:

In the following we assume that d ¼ mXl: In this case, using (2.5) and Lemma 4.1,

Kd
n ðwl;m; 0; yÞ ¼ cl

Z 1

�1

Kd
n ðwlþm; 1; s

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
Þ ð1� s2Þl�1

ds

¼ cnlþmþ1=2�d
Z 1

�1

Pðlþmþdþ1=2;lþm�1=2Þ
n ðs

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
Þð1� s2Þl�1

ds

þ
XN
j¼1

cjðlþ m� 1=2; lþ m� 1=2; d; nÞKdþj
n ðwl;m; 0; yÞ:

For jX1; dþ j ¼ mþ j4m; it follows from the sufficient part of Theorem 2.7 that the

integral
R 1
�1 jKdþj

n ðwl;m; 0; yÞjwl;mðyÞ dy is uniformly bounded andXN
j¼1

jcjðlþ m� 1=2; lþ m� 1=2; d; nÞjpc
XN
j¼1

j�2l�2m�d�3oN:

Hence, since d ¼ m; it follows from the definition (2.6) of Tm
n that

Td
n ðwm;l; 0Þ

¼ cnlþ1
2

Z 1

0

Z 1

�1

P
ðlþ2mþ1

2
;lþm�1

2
Þ

n ðs
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
Þð1� s2Þl�1

ds

����
����


 jyj2mð1� y2Þl�
1
2 dy þ Oð1Þ;

where the outer integral is taken over ½0; 1	 instead of ½�1; 1	 since the function is

even in y: Changing variable t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� y2

p
in the outer integral, we obtain

Td
n ðwm;l; 0Þ ¼ cnlþ1

2

Z 1

0

Z 1

�1

P
ðlþ2mþ1

2
;lþm�1

2
Þ

n ðstÞð1� s2Þl�1
ds

����
����


 t2lð1� t2Þm�
1
2 dt þ Oð1Þ:

Hence, we need to derive a lower bound on the double integral of the Jacobi
polynomial from below, which will be given in the next proposition. &
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We are left to derive the lower bound of the double integral of a Jacobi
polynomial. The difficulty lies in the fact that we cannot take the absolute value
inside the inner integral. The task requires rather delicate estimate.

Proposition 4.2. Let a ¼ lþ 2m and b ¼ lþ m� 1: ThenZ 1

0

Z 1

�1

P
ðaþ1

2
;bþ1

2
Þ

n ðtyÞð1� t2Þl�1=2
dt

����
����cjyj2lð1� y2Þm�1=2

dy

Xcn�l�1=2 log n:

Proof. First we assume that 0olo1: Let us denote the left-hand side by In: We start
with an obvious inequality followed by a change of variables:

InX c

Z 1�dn�2

0

Z 1

�1

P
ðaþ1

2
;bþ1

2
Þ

n ðtyÞð1� t2Þl�1
dt

����
����y2lð1� y2Þm�1=2

dy

X c

Z 1�dn�2

0

Z y

�y

P
ðaþ1

2
;bþ1

2
Þ

n ðuÞyðy2 � u2Þl�1
du

����
����ð1� y2Þm�1=2

dy;

where d is any fixed positive constant. We need the asymptotics of the Jacobi
polynomials as given in [12, p. 198],

Pða;bÞ
n ðcos yÞ ¼ n�1

2kðyÞfcosðNyþ tÞ þ Oð1Þðn sin yÞ�1g

for dn�1pypp� dn�1; where N ¼ n þ ðaþ bþ 1Þ=2;

kðyÞ ¼ p�
1
2 sin

y
2


 ��a�1
2

cos
y
2


 ��b�1
2
; t ¼ �p

2
aþ 1

2

� �
;

and d is a fixed positive constant. Using the asymptotic formula for P
ðaþ1

2
;bþ1

2
Þ

n ðyÞ; we
see that the error term is

EnðuÞ :¼Oð1Þn�
3
2ðsin yÞ�1 sin

y
2


 ��a�1

cos
y
2


 ��b�1

¼ Oð1Þn�3
2ð1� uÞ�

aþ2
2 ð1þ uÞ�

bþ2
2

upon using u ¼ cos y: Hence, changing the order of integrals, we see thatZ 1�dn�2

0

Z y

�y

EnðuÞyðy2 � u2Þl�1
du

����
����ð1� y2Þm�1=2

dy

pcn�3
2

Z 1�dn�2

�1þdn�2

Z 1

juj
ðy2 � u2Þl�1

yð1� y2Þm�1=2
dy


 du

ð1� uÞ
aþ2
2 ð1þ uÞ

bþ2
2

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333294



pcn�3
2

Z 1�dn�2

�1þdn�2

ð1� u2Þlþm�1=2

ð1� uÞ
aþ2
2 ð1þ uÞ

bþ2
2

du

pcn�3
2½1þ n�l�m þ n�lþ1	 ¼ cn�l�1

2;

where in the last inequality we have broken the integral into two parts, one over

½�1þ dn�2; 0	 and the other over ½0; 1� dn�2	; to get the proper estimate. Hence,

using the asymptotic formula for P
ðaþ1

2
;bþ1

2
Þ

n ðuÞ we conclude that

InXc½n�1=2

Z 1�dn�2

ffiffi
3

p
=2

jMnðyÞjð1� yÞm�1=2
dy � n�l�1=2	; ð4:1Þ

where we define M as the integral of the main part of the asymptotic formula,
namely

MnðyÞ :¼
Z y

�y

cosðNyþ tÞ
ðsin y

2
Þaþ1ðcos y

2
Þbþ1

ðy2 � u2Þl�1
du

with u ¼ cos y: Note that in (4.1) we have taken the outside integral over smaller

range ½
ffiffiffi
3

p
=2; 1� dn�2	; which implies that if y ¼ cos f; then cn�1pfpp=6:

Introducing the function

ffðyÞ ¼
ðcos2 f� cos2 yÞl�1

ðsin y
2
Þaðcos y

2
Þb

;

and changing variable u ¼ cos y; we can write Mnðcos fÞ as

Mnðcos fÞ ¼
Z p�f

f
ffðyÞcosðNyþ tÞ dy:

In order to give a sharp lower bound of Mn; we denote the zeros of cosðNyþ tÞ by
yk; that is,

yk :¼ yk;n ¼ ððk þ 1=2Þp� tÞ=N:

We assume that f lies between yk�1 and yk; that is,

yk�1pfpyk; k fixed:

We divided the estimate of Mn into several steps, starting with

Claim 4.1. As a function of y; f 0
fðyÞp0 on fpypp=2:
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In fact, this follows from the explicit formula of f 0
fðyÞ given by

f 0
fðyÞ ¼

ðcos2 f� cos2 yÞl�2

ðsin y
2
Þaþ1ðcos y

2
Þbþ1


 ðl� 1Þcos ysin2y� 1

4
ðcos2 f� cos2 yÞ½ðða � bÞ þ ða þ bÞ cos yÞ	

� �
;

and the fact that a4b; lo1 and cos yX0 in the given range of y:

Claim 4.2. For 0pfpp=6;Z p�f

p=2
ffðyÞ cosðNyþ tÞ dy

�����
�����pcn�1ðsinðyk � fÞ=2Þl�1ðsin f=2Þl�b�1:

To prove the claim, we further divided the integral into two pieces. First we have,Z p�f

p�yk

ffðyÞ cosðNyþ tÞ dy
����

����
p

c

ðsinf=2Þb

Z p�f

p�yk

ðcos2 f� cos2 yÞl�1
dy

p
c

ðsinf=2Þb

Z yk

f
sin

y� f
2

sin
yþ f
2


 �l�1

dy

pcðsinðyk � fÞ=2Þlðsin f=2Þl�b�1

pcn�1ðsinðyk � fÞ=2Þl�1ðsin f=2Þl�b�1:

The second piece is integral over ½p� yk; p=2	: Integrating by parts givesZ p�yk

p=2
ffðyÞ cosðNyþ tÞ dy

¼ 1

N
ffðyÞ sinðNyþ tÞ

����
p�yk

p=2
� 1

N

Z p�yk

p=2
f 0
fðyÞ sinðNyþ tÞ dy:

Using the fact that 0pfpp=6; sinððp� ykÞ=2Þ ¼ cosðyk=2ÞB1; cosððp� ykÞ=2Þ ¼
sinðyk=2ÞBsinðf=2Þ and

cos2 f� cos2ðp� ykÞBcos f� cos yk

B sin
yk � f

2
sin

yk þ f
2

Xc sin
yk � f

2
sin

f
2
;

it follows that the absolute value of the first term is bounded by

1

N
ffðyÞ sinðNyþ tÞ

����
	p�yk

p=2

�����pc

n
sin

yk � f
2


 �l�1

sin
f
2


 �l�1�b

þ1

" #
:

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333296



For the second term, we use the formula for the derivative of f 0
fðyÞ to show that its

absolute value is bounded by

c

n

Z p�yk

p=2

ðcos2 f� cos2 yÞl�2

ðsin y
2
Þaþ1ðcos y

2
Þbþ1

cos y sin2 y dy

"

þ
Z p�yk

p=2

ðcos2 f� cos2 yÞl�1

ðsin y
2
Þaþ1ðcos y

2
Þbþ1

dy

#
;

in which the first term is bounded by, using the double angle formula sin y ¼
2 sinðy=2Þ cosðy=2Þ;

c

n

Z p�yk

p=2

ðcos2f� cos2yÞl�2

ðcos y
2
Þb

sin y dy

p
c

n

1

ðsin yk

2
Þb

Z p�yk

p=2
ðcos fþ cos yÞl�2 sin y dy

pcn�1 sin
yk � f

2


 �l�1

sin
f
2


 �l�b�1

;

and the second term is bounded by, since lo1;

c

n
ðcos2 f� cos2 ykÞl�1

Z p�yk

p=2

dy

ðcos y
2
Þbþ1

p
c

n
cn�1 sin

yk � f
2

sin
f
2


 �l�1

sin
yk

2


 ��b

pcn�1 sin
yk � f

2


 �l�1

sin
f
2


 �l�b�1

:

Putting these estimates together, we establish the Claim 4.2.

Claim 4.3. There exists an e40; such that for fAIk :¼ ½yk � e=n; yk	;Z p=2

f
ffðyÞ cosðNyþ tÞ dy

�����
�����Xc½n�lðsin f=2Þl�a�1 � n�1	:

Let m denote the largest integer such that ykpp=2 (m depends on n).
Evidently, ym � p=2B1=n: To prove the claim, we split the integral over
½f; p=2	 into three pieces over ½f; yk	; ½yk; ym	 and ½ym; p=2	; respectively. First of
all, we have

Jn;1ðfÞ :¼
Z p=2

ym

ffðyÞ cosðNyþ tÞ dy

�����
�����

p c

Z p=2

ym

ðcos2 f� cos2 yÞm�1

ðsin y
2
Þaðcos y

2
Þb

dypcn�1
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since 0pfpp=6: We note the above estimate will not change if the integral is over
½ym�1; p=2	: Hence, we can assume that m � k is even. Then our second, and main
part, is given by

Jn;2ðfÞ :¼
Z ym

yk

ffðyÞ cosðNyþ tÞ dy
����

����
¼

Xm

j¼kþ1

Z yj

yj�1

ffðyÞ cosðNyþ tÞ dy

�����
�����

¼ 1

N

Xm

j¼kþ1

ð�1Þj

Z p

0

ff
xþ ðj � 1

2
Þp� t

N


 �
sin x dx

�����
�����

¼ 1

N

Xðm�kÞ=2

j¼1

Z p

0

ff
xþ ðk þ 2j � 1

2
Þp� t

N


 �������
� ff

xþ ðk þ 2j þ 1
2
Þp� t

N


 �	
sin x dx

�����
¼ 2

N2

Xðm�kÞ=2

j¼1

j f 0
fðx2jÞj;

where x2j ¼
Zjþðkþ2j�1

2
Þp�t

N
and ZjAð0; 1Þ as follows from the mean value theorem and

Claim 4.1. Since the formula of f 0
fðyÞ shows that it is a sum of two terms of the same

sign, we can drop one term and get

Jn;2ðfÞX
2

N2
j f 0

fðx2ÞjX
c

N2

ðcos2 f� cos2 x2Þl�2

ðsin x2
2
Þaþ1ðcos x2

2
Þbþ1

cos x2 sin
2 x2:

Since cn�1pfpp=6 and yk�1pfpyk; we see that x2 ¼ yk þ Oð1=nÞ ¼ fþ Oð1=nÞ;
so that cos x2B1; cos fþ cos x2B1; and sin x2þf

2
Bsin f

2
: Then we have

Jn;2ðfÞX
c

N2

ðsin x2�f
2

sin x2þf
2

Þl�2

ðsin x2
2 Þ

a�1

X
c

N2
sin

f
2


 �l�1�a

sin
x2 � f

2


 �l�2

:

Hence, using the fact that x2 � fpx2 � yk�1pc=N; we conclude that

Jn;2ðfÞXcn�lðsinðf=2ÞÞl�1�a:

We note that this estimate holds for all fA½cn�1;p=6	: For the remaining case, we
assume that fA½yk � e=n; yk	; where e is a positive number whose value is to be

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333298



determined. Then

Jn;3ðfÞ :¼
Z yk

f
ffðyÞ cosðNyþ tÞ dy

����
����

p
c

sinðf=2Þa

Z yk

f
sin

y� f
2


 �
sin

yþ f
2


 �
 �l�1

dy

p cðsinðf=2ÞÞl�a�1ðyk � fÞlpceln�lðsinðf=2ÞÞl�a�1:

Notice that the upper bound of Jn;3 is the same as the lower bound of Jn;2 saving the

el term. Choosing e small but fixed so that the upper bound of Jn;3 is less than half of

the lower bound of Jn;2; we have proved Claim 4.3 upon combining the estimate for

Jn;1; Jn;2 and Jn;3:

Claim 4.4. There exists an e40; such that for fAIk ¼ ½yk � e=n; yk	;

Mnðcos fÞX c n�l sin
f
2
Þ


 �l�a�1
"

� n�1 sin
yk � f

2


 �l�1

sin
f
2


 �l�b�1
#
:

This follows as the consequence of Claims 4.2, 4.3 and b ¼ lþ m� 1:
We are now in position to prove the proposition in the case of 0olo1: Let p be

the largest positive integer such that
ffiffiffi
3

p
=2pcos yp and q be the smallest positive

integer such that cos yqp1� dn�2: Evidently, qop; p ¼ pðnÞBn and q ¼ qðnÞBn: It

follows from (4.1) and the Claim 4.4 that

InXcðAn � Bn � n�l�1=2Þ;

where

An ¼ n�l�1=2
Xp

j¼q

Z yj

yj�e
n

sin
f
2


 �l�a�1

ðsin fÞ2m df

X cn�l�1=2
Xp

j¼q

Z yj

yj�e
n

ðsin fÞ�1
df

X cn�l�1=2
Xp

j¼q

j�1
Xcn�l�1=2 log n;

in which we have used the fact that a ¼ lþ 2m; and

Bn ¼ n�3=2
Xp

j¼q

Z yj

yj�e
n

sin
yj � f

2


 �l�1

sin
f
2


 ��m

ðsin fÞ2m df

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333 299



p cn�3=2
Xp

j¼q

ymj

Z yj

yj�e
n

ðyj � fÞl�1
df

p cn�3=2�l�m
Xp

j¼q

jm

p cn�l�1=2:

Consequently, we conclude that InXcn�l�1=2 log n; which gives the stated result for
0olo1:

If l ¼ 0; then In in limit form reduces to

In ¼
Z 1

0

jPð2mþ1=2;m�1=2Þ
n ðyÞ þ Pð2mþ1=2;m�1=2Þ

n ð�yÞjð1� y2Þm�1=2
dy

X

Z 1

0

jPð2mþ1=2;m�1=2Þ
n ðyÞj ð1� y2Þm�1=2

dy

�
Z 1

0

jPð2mþ1=2;m�1=2Þ
n ð�yÞjð1� y2Þm�1=2

dy:

By the estimate of the Jacobi polynomial (see Lemma 5.3 below), the second integral

has the upper bound cn�1=2; the first term is asymptotically n�1=2 log n by Szegö [12,

(7.34.1), p. 173]. Thus, InXcn�1=2 log n for l ¼ 0; which agrees with the case of l40:
Next we turn our attention to the case lX1: Let r ¼ ½l	: Using the identity

P
ðaþ1

2
;bþ1

2
Þ

n ðyÞ ¼ 2

n þ a þ b þ 1

d

dy
P
ða�1

2
;b�1

2
Þ

nþ1 ðyÞ ð4:2Þ

and integrating by parts, we getZ y

�y

P
ðaþ1

2
;bþ1

2
Þ

n ðuÞ ðy2 � u2Þl�1
du ¼ ð�2ÞrQr

i¼1ðn þ a þ b þ 2� iÞ



Z y

�y

P
ðaþ1

2
�r;bþ1

2
�rÞ

nþr ðuÞ dr

dur
½ðy2 � u2Þl�1	 du:

Using induction if necessary, it is easy to verify that

dr

dur
½ðy2 � u2Þl�1	 ¼ Aurðy2 � u2Þl�r�1 þ qðuÞðy2 � u2Þl�r;

where A ¼ ð�2ÞrGðlÞ=Gðl� rÞ and qðuÞ is a polynomial. We conclude thatZ y

�y

P
ðaþ1

2
;bþ1

2
Þ

n ðuÞðy2 � u2Þl�1
dt

����
����

X cn�r

Z y

�y

P
ðaþ1

2
�½l	;bþ1

2
�½l	Þ

nþr ðuÞu½l	ðy2 � u2Þl�½l	�1
du

����
����

�

�
Z y

�y

jPðaþ1
2
�½l	;bþ1

2
�½l	Þ

nþr ðuÞqðuÞðy2 � u2Þl�½l	
du

����
����
	
:
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We then use the asymptotics of the Jacobi polynomials as in the proof of the case
0olo1: Evidently, with l� ¼ l� ½l	; a� ¼ a � ½l	 ¼ l� þ 2m and b� ¼ b � ½l	 ¼
l� þ m� 1; we can derive the lower bound (with log n) of the first part exactly as in
the case 0olo1: Moreover, for the second part, we need to show essentially the
following estimate with 0olo1:

Ln :¼
Z 1�dn�2

0

Z y

�y

Pðaþ1=2;bþ1=2Þ
n ðuÞqðuÞ ðy2 � u2Þl du

����
����


 ð1� y2Þm�1=2
dypcn�l�1=2: ð4:3Þ

To prove (4.3), integrating by parts for the inner integral (using (4.2)) gives

Lnp
c

n

Z 1�dn�2

0

Z y

�y

P
ða�1=2;b�1=2Þ
nþ1 ðuÞ d

du
½qðuÞðy2 � u2Þl	 du

����
����


 ð1� y2Þm�1=2
dy;

then using the estimate of the Jacobi polynomial in Lemma 5.3 we obtain

Lnp cn�3=2

Z 1�dn�2

0

Z y

0

ð1� uÞ�a=2ðy � uÞl�1
duð1� yÞm�1=2

dy

p cn�3=2

Z 1�dn�2

0

ð1� yÞ�a=2þm�1=2
dy

p cn�3=2pcn�l�1=2;

since boa; a40 and �a=2þ m� 1=2 ¼ �ðlþ 1Þ=24� 1:
If l is a positive integer, we do integration by parts a number of times to getZ y

�y

Pðaþ1=2;bþ1=2Þ
n ðuÞðy2 � u2Þl�1

du

¼ ð�1Þl�12lGðlÞQl
i¼1ðn þ a þ b þ 2� iÞ


 yl�1P
ðaþ1=2�l;bþ1=2�lÞ
nþl ðyÞ � ð�yÞl�1

P
ðaþ1=2�l;bþ1=2�lÞ
nþl ð�yÞ

�

�
Z y

�y

P
ðaþ1=2�l;bþ1=2�lÞ
nþl ðuÞsðuÞ du

	
;

where sðuÞ is a polynomial of degree 2l: Thus,

InX
c

nl

Z 1

0

jPðaþ1=2�l;bþ1=2�lÞ
nþl ðyÞjyl�1ð1� y2Þm�1=2

dy

�

�
Z 1

0

jPðaþ1=2�l;bþ1=2�lÞ
nþl ð�yÞjyl�1ð1� y2Þm�1=2

dy

�
Z 1

0

Z y

�y

P
ðaþ1=2�l;bþ1=2�lÞ
nþl ðuÞsðuÞ du

����
����ð1� y2Þm�1=2

dy

	
:
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Just as the case l ¼ 0; the first term above has the lower bound cn�l�1=2 log n; and

the second term has the upper bound cn�l�1=2: For the third term, integrating by
parts again by the use of (4.2), the inner integral becomes a sum of the terms

1Qj
i¼1ðn þ a þ b � lþ 2� iÞ

P
ðaþ1=2�l�j;bþ1=2�l�jÞ
nþlþj ð7yÞsðj�1Þð7yÞ;

for j ¼ 1; 2;y; 2lþ 1: Hence, applying the estimate of the Jacobi polynomial in
Lemma 5.3 again, the part of Ln corresponding to each of these terms has an upper

bound cn�l�1=2: This shows that LnXcn�l�1=2log n for l being a positive integer.
The proof of the proposition is completed. &

5. The estimate of the kernels for h-harmonics

In this section we prove the estimates of the kernels of the Cesàro means for h-
harmonics given in Theorems 3.1 and 3.2. The proof of the estimates is rather long.
We will break the proof into a number of steps, starting with a series of reductions.

Since the Gegenbauer polynomial and the Jacobi polynomial are related by

n þ l
l

CðlÞ
n ðtÞ ¼ pðl�1=2;l�1=2Þ

n ð1Þpðl�1=2;l�1=2Þ
n ðtÞ; ð5:1Þ

it follows from the formula (1.5) of the reproducing kernel that

Kd
n ðh2

k; x; yÞ ¼ ck

Z
½�1;1	d

Kd
n ðwðg;gÞ; 1; x1y1t1 þyþ xdydtdÞ



Yd

i¼1

ð1þ tiÞð1� t2i Þ
ki�1

dt; ð5:2Þ

where g ¼ jkj1 þ ðd � 3Þ=2: The first step is to replace the kernel for the Jacobi

expansion by a sharp estimate. For this we use formula (4.1) repeatedly as in [9] leads
to the following lemma.

Lemma 5.1. For any a; b4� 1 such that aþ bþ dþ 340;

Kd
n ðwða;bÞ; 1; uÞ ¼

XJ

j¼0

bjða; b; d; nÞPðaþdþjþ1;bÞ
n ðuÞ þ Gd

nðuÞ;

where J is a fixed integer and

Gd
nðuÞ ¼

XN
j¼Jþ1

djða; b; d; nÞKdþj
n ðwða;bÞ; 1; uÞ;

moreover, the coefficients satisfy the inequalities,

jbjða; b; d; nÞjpcnaþ1�d�j and jdjða; b; d; nÞjpcj�a�b�d�4:
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Since the kernel function Kdþj
n ðwða;bÞ; 1; uÞ contained in the Gd

n term has large index

dþ j4d , it can be handled using the following estimate of the kernel function, which
is used in [1,3] (see Theorem 3.9 there).

Lemma 5.2. Let a; bX� 1=2: Then if 0pdpaþ 3=2;

jKd
n ðwða;bÞ; 1; uÞjp cnaþ1=2�d½ð1� u þ n�2Þ�ðdþaþ3=2Þ=2

þ ð1þ u þ n�2Þ�ðbþ1=2Þ=2	;

if aþ 3=2pdpaþ bþ 2;

jKd
n ðwða;bÞ; 1; uÞjpcn�1½ð1� u þ n�2Þ�ðaþ3=2Þ þ ð1þ u þ n�2Þ�ðaþbþ2�dÞ=2	;

if dXaþ bþ 2;

jKd
n ðwða;bÞ; 1; uÞjpcn�1ð1� u þ n�2Þ�ðaþ3=2Þ:

We emphasize that the above estimates are not strong enough to yield our estimate
for kernel (5.2) on the sphere. The singular integrals involved in (5.2) require a far
more delicate analysis. Upon using Lemma 5.1, the essential part is dealt with using
the following estimate of the Jacobi polynomials [12, (7.32.5) and (4.1.3)].

Lemma 5.3. For an arbitrary real number a and tA½0; 1	;

jPða;bÞ
n ðtÞjpcn�1=2ð1� t þ n�2Þ�ðaþ1=2Þ=2;

and the estimate on ½�1; 0	 follows from the fact that P
ða;bÞ
n ðtÞ ¼ ð�1Þn

P
ðb;aÞ
n ð�tÞ:

In particular, in the proof we will use the estimate in a unified form

jPða;bÞ
n ðtÞjpcn�1=2½ð1� t þ n�2Þ�ðaþ1=2Þ=2 þ ð1þ t þ n�2Þ�ðbþ1=2Þ=2	: ð5:3Þ

Moreover, the product of the two terms on the right-hand side of (5.3) is also an

upper bound of P
ða;bÞ
n ðtÞ on ½�1; 1	; which shows, in particular, that if bþ 1=2p0;

then cn�1=2ð1� u þ n�2Þ�ðaþ1=2Þ=2 is an upper bound of P
ða;bÞ
n ðtÞ on ½�1; 1	:

Let a ¼ b ¼ jkj1 þ ðd � 3Þ=2 and let J ¼ ½aþ bþ 2	 ¼ ½2jkj1 þ d � 1	; where ½x	
denotes the integer part of x: Combining formula (5.2) and Lemma 5.1, we have

Kd
n ðh2

k; x; yÞ ¼
XJ

j¼0

bjða; b; d; nÞOjðx; yÞ þ O�ðx; yÞ; ð5:4Þ

where

Ojðx; yÞ ¼ ck

Z
½�1;1	d

Pðaþdþjþ1;bÞ
n ðuðx; y; tÞÞ

Yd

i¼1

ð1þ tiÞð1� t2i Þ
ki�1

dt ð5:5Þ
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and

O�ðx; yÞ ¼ ck

Z
½�1;1	d

Gd
nðuðx; y; tÞÞ

Yd

i¼1

ð1þ tiÞð1� t2i Þ
ki�1

dt; ð5:6Þ

here and in the following we write

uðx; y; tÞ ¼ x1y1t1 þ?þ xdydtd :

Our main task is to estimate O0; since Oj for jX1 can be estimated similarly and O�
is relatively easy to handle. We state the estimate for O0 as the following lemma.

Lemma 5.4. For x; yASd�1; dXðd � 2Þ=2;

jO0ðx; yÞjpc

Qd
j¼1ðjxjyjj þ n�1j %x� %yj þ n�2Þ�kj

njkj1þ1=2ðj %x� %yj þ n�1Þdþd=2
: ð5:7Þ

The proof of Lemma 5.4 is long. We begin with further reductions to reduce the
task to its essential part. The idea is to use integration by part as much as we can to
separate the part of n to the negative power. Let

kj ¼ pj þ lj; pjAN0; ljA½0; 1Þ; 1pjpd:

Assume first that ljAð0; 1Þ; 1pjpd: Using the well-known relation

d

dt
P
ða;bÞ
nþ1 ðtÞ ¼

1

2
ðn þ aþ bþ 2ÞPðaþ1;bþ1Þ

n ðtÞ ð5:8Þ

[12, (4.21.7)], we integrate O0 by parts pi times for ti for each i to conclude that

O0ðx; yÞ ¼
ckð�1Þjpj1

Qd
i¼1 ðxiyiÞ�piQjpj1

i¼1 ðn þ 2jkj1 þ dþ d � i � 1Þ=2



Z
½�1;1	d

P
ðjlj1þdþðd�1Þ=2;jlj1þðd�3Þ=2Þ
nþjpj1

ðuðx; y; tÞÞ



Yd

i¼1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	 dt: ð5:9Þ

In order to estimate the integrals, we break each integral over ½�1; 1	 into two
integrals over ½�1; 1� en;i	 and ½1� en;i; 1	; respectively, where 0pen;ip1=2 are to be

determined. Then the set ½�1; 1	d is the union of the sets

Em ¼ ð1� en;1; 1	 
?
 ð1� en;m; 1	 
 ½�1; 1� en;mþ1	 
?
 ½�1; 1� en;d 	

and the permutations of Em; that is,

½�1; 1	d ¼
[

sASd

[d
m¼0

sEm; sEm :¼ fx : ðxs1 ;y; xsd
ÞAEmg;
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where Sd denotes the symmetric group of d objects. Consequently, we have

O0 ¼
ð�1Þjpj1

Qd
i¼1 ðxiyiÞ�piQjpj1

i¼1ðn þ 2jkj1 þ dþ d � i � 1Þ=2

Xd

m¼0

O0;m þ
X
s

Xd�1

m¼1

sO0;m

" #
; ð5:10Þ

where, we will write O0;m instead of O0;mðx; yÞ from now on,

O0;m ¼ ck

Z
Em

P
ðjlj1þdþðd�1Þ=2;jlj1þðd�3Þ=2Þ
nþjpj1

ðuðx; y; tÞÞ



Yd

i¼1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	 dt

and sO0;m denotes the integral over sEm: Since the desired results in Theorems 3.1

and 3.2 are independent of the choice of the order of xj ; we only need to deal with

O0;m for 0pmpd:
We make a further reduction by making use of (5.8) again and integrating by parts

of O0;m: Let us introduce the notations

ujðx; y; tÞ ¼ x1y1t1 þ?þ xjyjtj þ xjþ1yjþ1ð1� en; jþ1Þ

þ ?þ xdydð1� en;dÞ

for j ¼ 0; 1;y; d: We note that u0ðx; y; tÞ is independent of t and udðx; y; tÞ ¼
uðx; y; tÞ: We consider O0;0 first. If we use (5.8) and integrate by parts with respect to

td in O0;0; we have

O0;0 ¼
2ðxdydÞ�1

n þ jpj1 þ 2jlj1 þ d þ d� 2



Z 1�en;1

�1

y

Z 1�en;d�1

�1

@pd

@t
pd

d

½ð1þ tdÞð1� t2dÞ
kd�1	jtd¼1�en;d

(


P
ðjlj1þdþðd�3Þ=2;jlj1þðd�5Þ=2Þ
nþjpj1þ1

ðud�1ðx; y; tÞÞ

�
Z 1�en;d

�1

P
ðjlj1þdþðd�3Þ=2;jlj1þðd�5Þ=2Þ
nþjpj1þ1 ðuðx; y; tÞÞ


 @pdþ1

@t
pdþ1
d

½ð1þ tdÞð1� t2dÞ
kd�1	 dtd

)



Yd�1

i¼1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	 dt1ydtd�1:
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Continuing integration by parts once for each of the variables ti; 1pipd � 1; we
conclude that

O0;0 ¼
2d
Qd

i¼1ðxiyiÞ�1Qd
i¼1 ðn þ jpj1 þ 2jlj1 þ d þ d� i � 1Þ



Xd

j¼0

L0; j þ
X
s

Xd�1

j¼1

sL0; j

( )
; ð5:11Þ

where L0; j is given by

L0; j ¼ð�1Þj
Yd

i¼jþ1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	

�����
ti¼1�en;iZ 1�en;1

�1

y

Z 1�en; j

�1

P
ðjlj1þd�ðdþ1Þ=2;jlj1�ðdþ3Þ=2Þ
nþjpj1þd

ðujðx; y; tÞÞ



Yj

i¼1

@piþ1

@t
piþ1
i

½ð1þ tiÞð1� t2i Þ
ki�1	 dt1ydtj;

and sL0; j denotes a permutation of the order of variables in L0; j; that is, sL0; j is the

same as L0; j after a permutation of variables. We will establish an estimate of L0; j

that is independent of the order of variables, from which the estimate of sL0; j ; hence

that of O0;0; follows.
Similarly, for O0;m; we can use (5.8) and integrate by parts once for each of the

variables tj; m þ 1pjpd; it then follows that

O0;m ¼
2d�m

Qd
i¼mþ1ðxiyiÞ�1Qd�m

i¼1 ðn þ jpj1 þ 2jlj1 þ d þ d� i � 1ÞZ 1

1�en;1

?
Z 1

1�en;m

Xd

j¼m

Lm; j þ
X
s

Xd�1

j¼mþ1

sLm; j

( )



Ym
i¼1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	 dt1ydtm; ð5:12Þ

where sLm; j has the same meaning as before, and Lm; j are given by

Lm;m ¼
Yd

i¼mþ1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	

����
ti¼1�en;i


 P
ðjlj1þd�ðdþ1Þ=2þm;jlj1�ðdþ3Þ=2þmÞ
nþjpj1þd�m

ðumðx; y; tÞÞ
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and for j ¼ m þ 1;y; d;

Lm; j ¼ð�1Þj�m
Yd

i¼jþ1

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	

����
ti¼1�en;i



Z 1�en;mþ1

�1

y

Z 1�en; j

�1

P
ðjlj1þd�ðdþ1Þ=2þm;jlj1�ðdþ3Þ=2þmÞ
nþjpj1þd�m

ðujðx; y; tÞÞ



Yj

i¼mþ1

@piþ1

@t
piþ1
i

½ð1þ tiÞð1� t2i Þ
ki�1	 dtmþ1ydtj :

We note that for m ¼ d; there is only one term Ld;d in the formula of O0;d ; and we

take the convention that
Qb

i¼a Ai ¼ 1 whenever a4b in the formula.

In order to estimate O0;m; it is then sufficient to give a sharp estimate of Lm; j that is

independent of the order of its variables. Considering tA½0; 1	 and tA½�1; 0	
separately, if necessary, we see that

@p

@tp
½ð1þ tÞð1� t2Þk�1	

����
����pcð1þ tÞk�pð1� tÞk�p�1: ð5:13Þ

Using inequality (5.13) and estimate (5.3) of the Jacobi polynomial in Lm; j and

recalling that kj ¼ pj þ lj; we conclude that

jLm; jjpcn�1=2
Yd

i¼jþ1

eli�1
n;i ðUm; j þ Vm; jÞ; ð5:14Þ

where Vm; j does not appear in the case of m ¼ 0 and jlj1pðd þ 2Þ=2;

Um;m :¼ð1� umðx; y; tÞ þ n�2Þ�ðjlj1þdþm�d=2Þ=2;

Vm;m :¼ð1þ umðx; y; tÞ þ n�2Þ�ðjlj1þm�ðdþ2Þ=2Þ=2;

and for j ¼ m þ 1;y; d;

Um; j :¼
Z 1�en;mþ1

�1

y

Z 1�en; j

�1

Qj
i¼mþ1½ð1þ tiÞli�1ð1� tiÞli�2	

ð1� ujðx; y; tÞ þ n�2Þðjlj1þdþm�d=2Þ=2


 dtmþ1ydtj;

Vm; j :¼
Z 1�en;mþ1

�1

y

Z 1�en; j

�1

Qj
i¼mþ1½ð1þ tiÞli�1ð1� tiÞli�2	

ð1þ ujðx; y; tÞ þ n�2Þðjlj1þm�ðdþ2Þ=2Þ=2


 dtmþ1ydtj:

Remark 5.1. In the case of jlj1 � ðd þ 2Þ=2þ mp0; the term ð1� ujðx; y; tÞ þ
n�2Þ�ðjlj1þm�ðdþ2Þ=2Þ=2 in Vm; j does not appear. Indeed, this comes from the remark

that follows right after Lemma 5.3, since (5.14) comes from the estimate of the
Jacobi polynomial in Lemma 5.3, and the second parameter of the corresponding
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Jacobi polynomial is jlj1 � ðd þ 3Þ=2þ mp� 1=2 if jlj1 � ðd þ 2Þ=2þ mp0: In

particular, if m ¼ 0 and jlj1pðd þ 2Þ=2; then Vm; j does not appear in (5.14).

After this series of reduction, we are ready to derive the desired estimate for O0:
We need to consider two separate cases. First we deal with

Case 1: jlj1 þ d� d=2X0:
In this case, we choose en; j as

en; j :¼
n�1ðj %x� %yj þ n�1Þ

2dðjxjyjj þ n�1j %x� %yj þ n�2Þ: ð5:15Þ

Evidently, we have 0pen; jp1=2d: By the definition of ujðx; y; tÞ we have

17ujðx; y; tÞ þ n�2

X1� jujðx; y; tÞj þ n�2

X1�
Xd

i¼1

jxiyij þ n�2 ¼ j %x� %yj2=2þ n�2Bðj %x� %yj þ n�1Þ2: ð5:16Þ

Hence, it follows from the definition of Um; j and the fact that jlj1 þ d� d=2X0;

jUm; jjpc
1

ðj %x� %yj þ n�1Þjlj1þdþm�d=2

Yj

i¼mþ1

gli
ð1� en;iÞ;

where the function glðtÞ; 0olo1; is defined by

glðtÞ ¼
Z t

�1

ð1þ sÞl�1ð1� sÞl�2
dsBð1þ tÞlð1� tÞl�1 ð5:17Þ

for tA½�1; 1	: It follows from the definition of en;i that gli
ð1� en;iÞBeli�1

n;i :

Consequently, we conclude that

jUm; jjpc
Yj

i¼mþ1

eli�1
n;i

1

ðj %x� %yj þ n�1Þjlj1þdþm�d=2
: ð5:18Þ

Similarly, we have the estimate for Vm; j

jVm; jjpc
Yj

i¼mþ1

eli�1
n;i 1þ 1

ðj %x� %yj þ n�1Þjlj1þm�ðdþ2Þ=2

" #
; ð5:19Þ

while we have two terms since if jlj1 þ m � ðd þ 2Þ=2o0; then the term ðj %x� %yj þ
n�1Þ�ðjlj1þm�ðdþ2Þ=2Þ does not appear in the above estimate of Vm; j by Remark 5.1.

Both of these estimates also hold in the case of j ¼ m: However, we have jlj1 þ
m � ðd þ 2Þ=2ojlj1 þ dþ m � d=2; which is equivalent to d4� 1; hence, using the

fact that jlj1 þ dþ m � d=2X0; we conclude that

jLm; jjpcn�1=2
Yd

i¼mþ1

eli�1
n;i

1

ðj %x� %yj þ n�1Þjlj1þdþm�d=2
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for mpjpd: Therefore, it follows from (5.12), (5.13) and (5.14) that for 0pmpd;

jO0;mjp cn�1=2

Qd
i¼mþ1 e

li�1
n;i

ðj %x� %yj þ n�1Þjlj1þdþm�d=2

Qd
i¼mþ1 jxiyij�1

nd�m



Z 1

1�en;1

?
Z 1

1�en;m

Ym
i¼1

½ð1þ tiÞlið1� tiÞli�1	 dt1y dtm

p cnm�d�1=2

Qm
i¼1 eli

n;i

Qd
i¼mþ1 jxiyij�1eli�1

n;i

ðj %x� %yj þ n�1Þjlj1þdþm�d=2
;

where we have used the fact that
R 1
1�en; j

ð1þ tjÞlj ð1� tjÞlj�1
dtjpcelj

n; j: Consequently,

using the formula of en; j we end up with

jO0;mjp c

Qd
j¼1 ðjxjyjj þ n�1j %x� %yj þ n�2Þ�lj

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2



Yd

j¼mþ1

jxjyjj þ n�1j %x� %yj þ n�2

jxjyjj
: ð5:20Þ

Remark 5.2. In fact, this estimate (5.20) of O0;m works whenever m40 without

assuming the condition jlj1 þ d� d=2X0: Indeed, the only place that we need the

assumption jlj1 þ d� d=2X0 is at the estimate of Lm; j; where we used the fact that

jlj1 þ d� d=2þ mX0; however, since d4ðd � 2Þ=2; this inequality holds without

any condition when m40:

Substituting the above estimate of O0;m into (5.10), we obtain that for jlj1 þ d�
d=2X0;

O0p c

Qd
j¼1 jxjyjj�pj ðjxjyjj þ n�1j %x� %yj þ n�2Þ�lj

njkj1þ1=2ðj %x� %yj þ n�1Þdþd=2



Yd

j¼1

jxjyjj þ n�1j %x� %yj þ n�2

jxjyjj
: ð5:21Þ

Estimate (5.7) in Lemma 5.4 in the case of jlj1 þ d� d=2X0 follows from the above

estimate if

jxjyj jXn�1j %x� %yj þ n�2; 1pjpd: ð5:22Þ
It turns out that x; y satisfying (5.22) is in fact the most delicate case that we have

to deal with. To consider the other cases, we need one more notation. Let D be a
subset of f1; 2;y; dg and let Dc be its complement; that is, Dc ¼ f1; 2;y; dg\D: We
denote by jljD the index jljD ¼

P
iAD li and define jljDc similarly. In the following we

choose D to be the set

D :¼ f j: jxjyjjXn�1j %x� %yj þ n�2g;
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and we assume that (5.22) does not hold; that is, D is a proper subset of f1; 2;y; dg
or Dc is not empty. We then follow the process that leads to the estimate of O0 in
(5.21) for jAD:

Using (5.8) and integrating O0 in (5.5) by parts pj times for each tj ; jAD; it follows

that

O0 ¼
ckð�1ÞjpjD

Q
iADðxiyiÞ�piQjpjD

i¼1 ðn þ 2jkj1 þ dþ d � i � 1Þ=2



Z
½�1;1	d

P
ðjkjDcþjljDþdþðd�1Þ=2;jkjDcþjljDþðd�3Þ=2Þ
nþjpjD

ðuðx; y; tÞÞ



Y
iAD

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	

Y
iADc

ð1þ tiÞð1� t2i Þ
ki�1

dt:

For each jAD; we break each integral over tjA½�1; 1	 into two integrals over ½�1; 1�
en; j	 and ½1� en; j; 1	; respectively, where en; j is as before. Let jDj denote the number

of elements in D and let D ¼ fi1;y; ijDjg: We define ED
m by

ED
m ¼ð1� en;i1 ; 1	 
?
 ð1� en;im ; 1	 
 ½�1; 1� en;imþ1

	


?
 ½�1; 1� en;ijDj 	;

and define sED
m as a permutation of the order of intervals in Em: Then we can write

O0 ¼
ckð�1ÞjpjD

Q
iAD ðxiyiÞ�piQjpjD

i¼1 ðn þ 2jkj1 þ dþ d � i � 1Þ=2



Z
½�1;1	jDc j

XjDj

m¼0

OD
0;m þ

X
s

XjDj�1

m¼1

sOD
0;m

" # Y
iADc

ð1þ tiÞð1� t2i Þ
ki�1

dti;

where OD
0;m is like in (5.10) but for indices in D;

OD
0;m ¼ ck

Z
ED

m

P
ðjkjDcþjljDþdþðd�1Þ=2;jkjDcþjljDþðd�3Þ=2Þ
nþjpjD

ðuðx; y; tÞÞ



Y
iAD

@pi

@t
pi

i

½ð1þ tiÞð1� t2i Þ
ki�1	 dti

and sOD
0;m denotes the integral over sED

m : We can now follow the procedure that

leads to (5.21) to estimate OD
0;m; that is, we will use (5.8) and integrate OD

0;m by parts

once for each variable tj; j ¼ imþ1;y; ijDj; and write the OD
0;m as a sum of LD

m; j like

(5.12), where the Jacobi polynomial in LD
m; j is

P
ðjkjDcþjljDþdþðd�1Þ=2þm�jDj;jkjDcþjljDþðd�3Þ=2þm�jDjÞ
nþjpjDþjDj�m

ðuðx; y; tÞÞ;

whose first parameter satisfies

jkjDc þ jljD þ dþ ðd � 1Þ=2þ m � jDj

Xjlj1 þ dþ ðd � 1Þ=2� jDjX� 1=2
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for all mX0 if jDcja0; jlj1 þ d� d=2X0 or dXðd � 2Þ=2: Consequently, we can use

(5.13) and Lemma 5.3 to obtain an analogy of (5.14); then following the procedure
that leads to (5.21) almost verbatim, we obtain the following estimate:

jO0jp c

Q
jAD jxjyjj�pj ðjxjyj j þ n�1j %x� %yj þ n�2Þ�lj

njkjDþ1=2ðj %x� %yj þ n�1ÞjkjDcþdþd=2



Y
jAD

jxjyjj þ n�1j %x� %yj þ n�2

jxjyjj

p c

Q
jADðjxjyj j þ n�1j %x� %yj þ n�2Þ�kj

njkjDþ1=2ðj %x� %yj þ n�1ÞjkjDcþdþd=2
;

where the last step follows from the definition of D: Since for jADc;

jxjyj j þ n�1j %x� %yj þ n�2Bn�1j %x� %yj þ n�2;

it follows from the last estimate that estimate (5.7) holds when jDcja0; or when
(5.22) fails to hold. Consequently, we have established Lemma 5.4 under the
condition that jlj1 þ d� d=2X0:

Remark 5.3. We emphasize that, under the condition dXðd � 2Þ=2; the proof of
(5.7) when jDcja0 holds without the condition jlj1 þ d� d=2X0: It is from this

perspective that we consider the case x; y satisfying (5.22) the most delicate case.

Remark 5.4. We would like to point out that the above proof of Case 1 works
without the assumption dXðd � 2Þ=2; that is, estimate (5.7) works under the
condition jlj1 þ d� d=2X0 with d40:

Case 2: jlj1 þ d� d=2o0: This case turns out to be rather delicate. The proof is

far more involved than the previous case. First we notice that it may be assumed that
jlj1o1; since jlj1X1 and dXðd � 2Þ=2 implies that jlj1 þ d� d=2X0: We then have

ðd � 2Þ=2pdod=2� jlj1: Second, by Remark 5.3, we can assume that (5.22) holds.

We reduce the essential part of the estimate to that of O0;m as before. We should

emphasize that the partition of O0 into O0;m depends on the choice of en; j : As we

pointed out in Remark 5.2 that the estimate of O0;m in (5.20) holds for all m40

independent of the sign of jlj1 þ d� d=2: Unfortunately, it turns out that the same

choice of en; j does not work with O0;0: This forces us to choose another en; j; which we

denote by e�n; j;

e�n; j :¼
n�1ðjx� yj þ n�1Þ

2dðjxjyjj þ n�1jx� yj þ n�2Þ:

We again have 0pe�n; jp1=2d: Let us denote the corresponding partition of ½�1; 1	d

as a union of E�
m and O0 is partitioned as a sum over O�

0;m like (5.10). We then need to

derive estimates not only for O�
0;0 but also for O�

0;m: Our goal is to establish, for
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jlj1o1 and ðd � 2Þ=2pdod=2� jlj1;

jO�
0;mjpc

Qd
i¼1ðjxiyij þ n�1j %x� %yj þ n�2Þ�li

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2
: ð5:23Þ

Substituting (5.23) into (5.10) yields (5.7). Hence, the proof of (5.23) will ensure the
proof of (5.7) in Case 2.

Remark 5.5. Since j %x� %yjpjx� yj; we have en; jpe�n; j; which implies that E�
0CE0:

Hence, the estimate of O�
0;0 is over a region smaller than that of O0;0: Consequently,

we cannot combine the estimate of O�
0;0 in (5.23) and that of O0;m to finish the proof

of Lemma 5.4. We need to establish the estimate (5.23) of O�
0;m for mX0 in a different

way. Let us also mention that the choice e�n; j does not work for the Case 1.

Case 2.1: The estimate of O�
0;0 for jlj1o1 and ðd � 2Þ=2pdod=2� jlj1: We notice

that formulae (5.10)–(5.14) hold with en; j replaced by e�n; j: From (5.12), we need to

give an estimate for L0; j: Since jlj1pðd þ 2Þ=2; this is the case that V0; j does not

appear in (5.14) (Remark 5.1). Hence, from (5.14) and the formulae for U0; j ; it

follows that

L0;0pcn�1=2
Yd

i¼1

e� li�1
n;i ð1� u0ðx; y; tÞ þ n�2Þ�ðjlj1þd�d=2Þ=2 :¼ J0;

and for j ¼ 1; 2;y; d;

L0; jp cn�1=2
Yd

i¼jþ1

e� li�1
n;i

Z 1�e�
n;1

�1

?
Z 1�e�n; j

�1



Qj

i¼1ð1þ tiÞli�1ð1� tiÞli�2

ð1� ujðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2 dt1ydtj :¼ Jj:

In order to estimate these terms, we prove that JjpcJj�1 first, so that we only need to

estimate J0: We use the fact that

1� ujðx; y; tÞ þ n�2 ¼ 1� uj�1ðx; y; tÞ þ n�2 þ xjyjð1� e�n; j � tjÞ: ð5:24Þ

Thus, if xjyjp0; then 1� ujðx; y; tÞ þ n�2p1� uj�1ðx; y; tÞ þ n�2; from which it

follows that

Jjp cn�1=2
Yd

i¼jþ1

e� li�1
n;i

Z 1�e�
n;1

�1

y

Z 1�e�
n; j�1

�1



Qj�1

i¼1ð1þ tiÞli�1ð1� t2i Þ
li�2

ð1� uj�1ðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2dt1ydtjglj
ð1� e�n; jÞ

p cJj�1;
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where in the last step we have used the fact that glj
ð1� e�n; jÞBe� lj�1

n; j which follows

from (5.17). In the following, we consider the case that xjyj40:

It turns out that we need to consider the case of j ¼ 1 and the case of jX2
separately. For j ¼ 1; we integrate J1 by parts and using (5.17) to conclude that

J1 ¼ cn�1=2
Yd

i¼2

e� li�1
n;i

gl1ð1� e�n;1Þ
ð1� u0ðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2

"

� 1

2
x1y1ðjlj1 þ d� d=2Þ



Z 1�e�

n;1

�1

gl1ðt1Þ dt1

ð1� u1ðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2þ1

#

p c J0 þ n�1=2x1y1

Yd

i¼2

e� li�1
n;i

"



Z 1�e�

n;1

�1

ð1� t1Þl1�1
dt1

ð1� u1ðx; y; tÞ þ n�2Þðjlj1þd�d=2þ2Þ=2

#
:

Using (5.24), it follows that

J1p cJ0 þ cn�1=2x1y1

Yd

i¼2

e� li�1
n;i



Z 1�e�

n;1

�1

ð1� e�n;1 � t1Þl1�1
dt1

½1� u0ðx; y; tÞ þ n�2 þ x1y1ð1� e�n;1 � t1Þ	ðjlj1þd�d=2þ2Þ=2:

In the last integral we make the change of variable

s ¼
x1y1ð1� e�n;1 � t1Þ
1� u0ðx; y; tÞ þ n�2

to conclude that it is equal to

ðx1y1Þ�l1

ð1� u0ðx; y; tÞ þ n�2Þðjlj1þd�d=2þ2Þ=2�l1



Z x1y1ð2�e�

n;1
Þ

1�u0ðx;y;tÞþn�2

0

sl1�1

ð1þ sÞðjlj1þd�d=2þ2Þ=2 ds;

hence, upon using the fact that ðjlj1 þ d� d=2þ 2Þ=2� l140; which follows from

dXðd � 2Þ=2 and l1o1; and the elementary equationZ t

0

sa�1

ð1þ sÞb
dsB

ta

ð1þ tÞa; b4a40;
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it then follows that

J1p cJ0 þ cn�1=2x1y1

Yd

i¼2

e� li�1
n;i



ð1� u0ðx; y; tÞ þ n�2 þ x1y1ð2� e�n;1ÞÞ

�l1

ð1� u0ðx; y; tÞ þ n�2Þðjlj1þd�d=2þ2Þ=2�l1
:

From the definition of e�n; j; it follows that j
Pd

i¼1 xiyie�n;ijpn�1ðjx� yj þ n�1Þ=2;
hence, we have that

1� u0ðx; y; tÞ þ n�2 ¼ 1

2
jx� yj2 þ

Xd

i¼1

xiyie�n;i þ n�2

B ðjx� yj þ n�1Þ2Xn�1ðjx� yj þ n�1Þ; ð5:25Þ

so that by x1y1pð1� u0ðx; y; tÞ þ n�2 þ x1y1ð2� e�n;iÞÞ and 0pe�n;ip1=2d;

x1y1ð1� u0ðx; y; tÞ þ n�2 þ x1y1ð2� e�n;iÞÞ
�l1

ð1� u0ðx; y; tÞ þ n�2Þ1�l1

pc
jx1y1j þ n�1jx� yj þ n�2

n�1ðjx� yj þ n�1Þ


 �1�l1

¼ ce� l1�1
n;1 ;

consequently, we have that J1pJ0:
Next we consider the case jX2: Since jlj1o1 and 0olio1; there is at most one

kAf1; 2;y; dg such that lkA½1=2; 1Þ; and all other liAð0; 1=2Þ: Thus, there exists at
least one liAð0; 1=2Þ for 1pipj since jX2: Let us assume that i ¼ j; that is,
ljAð0; 1=2Þ: We then integrate by parts with respect to tj: From (5.17) and (5.24) we

conclude that

Jjp cn�1=2
Yd

i¼jþ1

e� li�1
n;i

Z 1�e�
n;1

�1

y

Z 1�e�
n; j�1

�1



glj

ð1� e�n; jÞ
ð1� uj�1ðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2 �

1

2
xjyjðjlj1 þ d� d=2Þ

"



Z 1�e�n; j

�1

glj
ðtjÞdtj

ð1� ujðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2þ1

#
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Yj�1

i¼1

ð1þ tiÞli�1ð1� tiÞli�2
dt1ydtj�1

p c Jj�1 þ n�1=2xjyj

Yd

i¼jþ1

e� li�1
n;i

Z 1�e�
n;1

�1

y

Z 1�e�
n; j�1

�1

"


 1

ð1� uj�1ðx; y; tÞ þ n�2Þðjlj1þd�d=2þ1Þ=2



Z 1�e�n; j

�1

ð1� tjÞlj�1
dtj

ð1� ujðx; y; tÞ þ n�2Þ1=2



Yj�1

i¼1

ð1þ tiÞli�1ð1� tiÞli�2
dt1ydtj�1

#
;

where we have used the fact that 1� ujðx; y; tÞX1� uj�1ðx; y; tÞ since xjyj40; and

jlj1 þ d� d=2þ 140: Using (5.24), 1� ujðx; y; tÞ þ n�2
Xxjyjð1� e�n; j � tjÞ; it fol-

lows that

Z 1�e�
n; j

�1

ð1� tjÞlj�1
dtj

ð1� ujðx; y; tÞ þ n�2Þ1=2

pðxjyjÞ�1=2

Z 1�e�n; j

�1

ð1� tjÞlj�1
dtj

ð1� e�n; j � tjÞ1=2

pcðxjyjÞ�1=2

Z 1�3e�n; j=2

�1

ð1� tjÞlj�3=2
dtj

"

þ e� lj�1
n; j

Z 1�e�n; j

1�3e�
n; j

=2

ð1� e�n; j � tjÞ�1=2
dtj

#

pcðxjyjÞ�1=2e� lj�1=2
n; j ;

where in the last step we have used the fact that 0oljo1=2: Therefore, using the fact

that

1� uj�1ðx; y; tÞ þ n�2 ¼ 1�
Xj�1

i¼1

xiyiti � xjyj

 

�
Xd

i¼jþ1

xjyjð1� e�n;iÞ þ n�2

!
þ xjyje�n; jXxjyje�n; j;
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and the definition of Jj�1; it follows that

Jjp cJj�1 þ cn�1=2xjyj

Yd

i¼jþ1

e� li�1
n;i

ðxjyjÞ�1=2e� lj�1=2
n; j

ðxjyje�n; jÞ
1=2



Z 1�e�

n;1

�1

y

Z 1�e�
n; j�1

�1

1

ð1� uj�1ðx; y; tÞ þ n�2Þðjlj1þd�d=2Þ=2



Yj�1

i¼1

ð1þ tiÞli�1ð1� t2i Þ
li�2

dt1ydtj�1

p cJj�1

for jX2: Consequently, we conclude that JjpcJ0 for all jX1: Hence, from (5.11), the

definition of J0 and (5.25), it follows that

jO�
0;0jpc

Qd
i¼1 jxiyij�1ðjxiyij þ n�1jx� yj þ n�2Þ1�li

njlj1þ1=2ðjx� yj þ n�1Þdþd=2
: ð5:26Þ

Recall that we assume that (5.22) holds. Now, if for all jAf1;y; dg;

n�1j %x� %yj þ n�2pjxjyjjpn�1jx� yj þ n�2;

which implies, in particular, that jxjyj jpcn�1 for 1pjpd; then for n sufficiently

large, we have

jx� yjXj %x� %yj ¼ 2� 2
X

i

jxiyijX2� c=nXcjx� yj2:

Thus, in this case, we may replace jx� yj by j %x� %yj in (5.26) to obtain that

jO�
0;0jp c

Qd
i¼1 jxjyjj�1ðjxiyij þ n�1j %x� %yj þ n�2Þ1�li

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2

p c

Qd
i¼1ðjxiyij þ n�1j %x� %yj þ n�2Þ�li

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2
:

On the other hand, if there exist kAf1; 2;y; dg such that

jxkykjXn�1jx� yj þ n�2;

let us assume that one such index is k ¼ d; then it follows from (5.26) that

jO�
0;0jp c

Qd
i¼1ðjxiyij þ n�1jx� yj þ n�2Þ�li

njlj1þ1=2ðjx� yj þ n�1Þdþd=2



Yd�1

i¼1

jxiyij þ n�1jx� yj þ n�2

jxiyij
:

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333316



Using (5.22) we have

Yd�1

i¼1

jxiyij þ n�1jx� yj þ n�2

jxiyij

p2d�1
Yd�1

i¼1

jxiyij þ n�1jx� yj þ n�2

jxiyij þ n�1j %x� %yj þ n�2

p2d�1
Yd�1

i¼1

jx� yj þ n�1

j %x� %yj þ n�1
¼ 2d�1 jx� yj þ n�1

j %x� %yj þ n�1


 �d�1

; ð5:27Þ

where the second inequality follows from the elementary inequality ðt þ aÞ=ðt þ
bÞpa=b which holds for t40 and a4b40: Consequently, we conclude that

jO�
0;0jpc

Qd
i¼1ðjxiyij þ n�1jx� yj þ n�2Þ�li

njlj1þ1=2ðjx� yj þ n�1Þd�ðd�2Þ=2
1

ðj %x� %yj þ n�1Þd�1
:

Since dXðd � 2Þ=2; li40 and jx� yjXj %x� %yj; it follows that

jO�
0;0jpc

Qd
i¼1ðjxiyij þ n�1j %x� %yj þ n�2Þ�li

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2
;

which holds for all x and y satisfy (5.22). This is the estimate (5.23) for O�
0;0:

Case 2.2: The estimate of O�
0;m; 1pmpd; for jlj1o1 and ðd � 2Þ=2pdod=2�

jlj1:
Since 0pjlj1o1 and dXðd � 2Þ=2; we have

jlj1 þ dþ m � d=2X0; m ¼ 1; 2;y; d:

Consequently, we see that estimate (5.18) of Um; j holds with en; j replaced by e�n; j ; that

is, we have

Um; jpc
Yj

i¼mþ1

e�li�1
n;i ðj %x� %yj þ n�1Þ�ðjlj1þdþm�d=2Þ:

Similarly, estimate (5.19) of Vm; j holds with en;i replaced by e�n;i: Therefore, following
the steps that lead to (5.20) and using the definition of e�n; j; we conclude that

jO�
0;mjp cnm�d�1=2

Qm
j¼1 e

� lj

n; j

Qd
j¼mþ1 jxjyjj�1e� lj�1

n; j

ðj %x� %yj þ n�1Þjlj1þdþm�d=2

p c

Qm
j¼1ðjxjyjj þ n�1jx� yj þ n�2Þ�lj

njlj1þ1=2ðjx� yj þ n�1Þd�m�jlj1



Qd

j¼mþ1 jxjyjj�1ðjxjyjj þ n�1jx� yj þ n�2Þ1�lj

ðj %x� %yj þ n�1Þjlj1þdþm�d=2
: ð5:28Þ

Z. Li, Y. Xu / Journal of Approximation Theory 122 (2003) 267–333 317



This estimate by itself is not strong enough for proving (5.23). We shall use it only in
the case that there is a k; m þ 1pkpd; and xkyk satisfies

xkyko0 and jxkykjXðjx� yj2 þ n�2Þ=4d; ð5:29Þ

which does not happen for m ¼ d: Let us assume that 1pmpd � 1 and k ¼ d: Then,

under condition (5.29) which implies that jxdyd jXcðn�1jx� yj þ n�2Þ; we have

jO�
0;mjp c

1

njlj1þ1=2



Qd

j¼1ðjxjyjj þ n�1jx� yj þ n�2Þ�lj

ðjx� yj þ n�1Þd�m�jlj1ðj %x� %yj þ n�1Þjlj1þdþm�d=2



Yd�1

j¼mþ1

ðjxjyjj þ n�1jx� yj þ n�2Þ
jxjyj j

:

Using (5.22) it follows as in (5.27) that

Yd�1

i¼mþ1

jxiyij þ n�1jx� yj þ n�2

jxiyij
p2d�m�1 jx� yj þ n�1

j %x� %yj þ n�1


 �d�m�1

;

from which we conclude that

jO�
0;mjpc

Qd
i¼1ðjxiyij þ n�1j %x� %yj þ n�2Þ�li

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2

j %x� %yj þ n�1

jx� yj þ n�1


 �1�jlj1
:

The use of (5.29) helps us to reduce the exponent of the last term by 1 so that it has a
positive power 1� jlj1X0: Hence, using the fact that jx� yjXj %x� %yj; we have

proved (5.23) under the condition (5.29).
On the other hand, if (5.29) does not hold, then for all m þ 1pjpd we have

xjyjX0 or xjyjo0 but jxjyj jpðjx� yj2 þ n�2Þ=4d: In this case, recalling formulae

(5.12) and (5.14), for O�
0;m we have tiAð1� e�n;i; 1Þ; 1pipm; hence, by the definition

of ujðx; y; tÞ and the definition of e�n; j ; we have that for jXm;

1� ujðx; y; tÞ þ n�2

¼ jx� yj2=2þ
Xj

i¼1

xiyið1� tiÞ þ
Xd

i¼jþ1

xiyie�n;i þ n�2

Xjx� yj2=2�
Xm

i¼1

jxiyije�n;i
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� 2
Xj

i¼mþ1

jxiyij �
Xd

i¼jþ1

jxiyije�n;i þ n�2

Xjx� yj2=2� d � j þ m

2d
n�1ðjx� yj þ n�1Þ

� j � m

2d
ðjx� yj2 þ n�2Þ þ n�2

Bðjx� yj þ n�1Þ2:

Using this inequality in the definition of Um; j; since jlj1 þ dþ m � d=2X0; and using

(5.17) we conclude as in (5.18) that

Um; jpc
Yj

i¼mþ1

e� li�1
n;i ðjx� yj þ n�1Þ�ðjlj1þdþm�d=2Þ:

For Vm; j; we still have estimate (5.19) with en;i replaced by e�n;i; and from (5.12)–(5.14)

we conclude as in (5.20) that

jO�
0;mjp cnm�d�1=2

Ym
j¼1

e� lj

n; j

Yd

j¼mþ1

jxjyj j�1e� lj�1
n; j


 ½ðjx� yj þ n�1Þ�ðjlj1þdþm�d=2Þ

þ ðj %x� %yj þ n�1Þ�ðjlj1þm�ðdþ2Þ=2Þ	

¼ c

Qd
j¼1 jxjyjj�1ðjxjyjj þ n�1jx� yj þ n�2Þ1�lj

njlj1þ1=2ðjx� yj þ n�1Þdþd=2

"



Ym
j¼1

jxjyjj
jxjyjj þ n�1jx� yj þ n�2

þ
Qd

j¼1ðjxjyj j þ n�1jx� yj þ n�2Þ�lj

njlj1þ1=2ðjx� yj þ n�1Þd�m�jlj1ðj %x� %yj þ n�1Þjlj1þm�ðdþ2Þ=2



Yd

j¼mþ1

jxjyjj þ n�1jx� yj þ n�2

jxjyjj

#
:

The first term is bounded by

c

Qd
j¼1 jxjyjj�1ðjxjyjj þ n�1jx� yj þ n�2Þ1�lj

njlj1þ1=2ðjx� yj þ n�1Þdþd=2
;

which is the same as the right-hand side of (5.26), and has been proved to be
bounded by the right-hand side of (5.23). Similarly to (5.27), from (5.22) we have

Yd

j¼mþ1

jxjyjj þ n�1jx� yj þ n�2

jxjyij
p2d�m jx� yj þ n�1

j %x� %yj þ n�1


 �d�m

;
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so that the second term is bounded by

c

Qd
j¼1ðjxjyjj þ n�1jx� yj þ n�2Þ�lj ðjx� yj þ n�1Þjlj1

njlj1þ1=2ðj %x� %yj þ n�1Þjlj1þd=2�1

pc

Qd
j¼1ðjxjyjj þ n�1jx� yj þ n�2Þ�lj

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2
;

since jlj1 þ d=2� 1pdþ d=2: Thus, we have proved that jO�
0;mj; 0pmpd; has

estimate of (5.23) for the case jlj1o1 and ðd � 2Þ=2pdod=2� jlj1: Substituting
(5.23) into (5.10) and using (5.22), we complete the proof of (5.7) in Case 2.
Combining the estimates in Cases 1 and 2, the proof of Lemma 5.4 is completed
when 0olio1 for 1pipd:

Recall that ki ¼ pi þ li: If one of the kj ¼ 0; then formula (5.2) holds under limit

(1.6), so that the integral against tj will not appear. In this case, it is not hard to see

that the estimate in Lemma 5.4 also holds under the above limit. In case one of the kj

is an integer, that is, lj ¼ 0; then when we integrate by parts pj times, as in (5.9), one

additional term will appear. For example, let k1 ¼ p1; then integrating by parts p1

times in O0; we have

O0 ¼
ckð�1Þk1ðx1y1Þ�k1Qk1

i¼1ðn þ 2jkj1 þ dþ d � j � 1Þ=2



Z
½�1;1	d�1

P
ða1;b1Þ
nþk1 ðuðx; y; tÞÞ

n ���
t1¼1


 @k1�1

@tk1�1
1

½ð1þ t1Þð1� t21Þ
k1�1	

�����
t1¼1

�
Z 1

�1

P
ða1;b1Þ
nþk1 ðuðx; y; tÞÞ @k1

@tk11
½ð1þ t1Þð1� t21Þ

k1�1	dt1

�



Yd

i¼2

ð1þ tiÞð1� t2i Þ
ki�1

dti

¼ ckð�1Þk1ðx1y1Þ�k1Qk1
i¼1ðn þ 2jkj1 þ dþ d � i � 1Þ=2 ðk1 � 1Þ!2k1

(



Z
½�1;1	d�1

P
ða1;b1Þ
nþk1 ðx1y1 þ x2y2t2 þ?þ xdydtdÞ



Yd

i¼2

ð1þ tiÞð1� t2i Þ
ki�1

dti

�
Z
½�1;1	d

P
ða1;b1Þ
nþk1 ðuðx; y; tÞÞ @k1

@tk11
½ð1þ t1Þð1� t21Þ

k1�1	dt1



Yd

i¼2

ð1þ tiÞð1� t2i Þ
ki�1

dti

)
;
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where we write a1 ¼ jkj1 � k1 þ dþ ðd � 1Þ=2 and b1 ¼ jkj1 � k1 þ ðd � 3Þ=2: If all
other ki are not integers, then continuing integration by parts with respect to other
variables, we see that the second term in the right-hand side is the same as the right-
hand side of (5.9), and the first term is similar but with one integral less. If more than
one ki are integers, then we will have more terms. The extremal case is a term
containing no integrals, which appears when all ki are integers; the term takes the
form

ckð�1Þjkj1
Qd

i¼1ðxiyiÞ�ki
Qd

i¼1ðki � 1Þ!2kiQjkj1
i¼1ðn þ 2jkj1 þ dþ d � i � 1Þ=2

P
ðdþðd�1Þ=2;ðd�3Þ=2Þ
nþjkj1

ðx1y1 þ?þ xdydÞ;

which is bounded, upon using Lemma 5.3 and the fact that 17ðx1y1 þ?þ xdydÞ þ
n�2 ¼ jx7yj2=2þ n�2Bðjx7yj þ n�1Þ2Xðj %x� %yj þ n�1Þ2; by

c

njkj1þ1=2

Yd

i¼1

jxiyij�ki ½ðjx� yj þ n�1Þ�d�d=2 þ ðjxþ yj þ n�1Þ�ðd�2Þ=2	:

Hence, in case that (5.22) holds, we see that this estimate is bounded by the right-
hand side of (5.7). In case that (5.22) does not hold, then we use the set D and follow
the method in the second half of Case 1. All other terms are between the above term
and the right-hand side of (5.9), and can be handled similarly. This completes the
proof of Lemma 5.4. &

With the hard estimate of O0 taking care of, we are now ready to prove the main
estimates in Theorems 3.1 and 3.2.

Proof of Theorem 3.1. We use formula (5.4) of Kd
n ðh2

k; x; yÞ: The estimate of O0 is

given in Lemma 5.4. Replacing d by dþ j; we obtain the estimate of Oj for jX0:

Hence, by Lemma 5.1 and (5.4) it follows that, with a ¼ b ¼ jkj1 þ ðd � 3Þ=2 and

J ¼ ½aþ bþ 2	;

XJ

j¼0

bjða; b; d; nÞ
�����

����� � jOjðx; yÞj

pc

Qd
j¼1ðjxjyjj þ n�1j %x� %yj þ n�2Þ�kj

nd�ðd�2Þ=2ðj %x� %yj þ n�1Þdþðd=2Þ ; ð5:30Þ

which is the first term in the desired estimate in Theorem 3.1. Next, we estimate the
second term O� of (5.4). By Lemmas 5.1 and 5.2, it follows from (5.6) that

jO�jp cn�1

Z
½�1;1	d

1

ð1� uðx; y; tÞ þ n�2Þjkj1þd=2



Yd

i¼1

ð1þ tiÞð1� t2i Þ
ki�1

dt: ð5:31Þ
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By the definition of uðx; y; tÞ; we have

1� uðx; y; tÞ þ n�2
X 1�

Xd

i¼1

jxiyitij þ n�2

¼ 1

2
j %x� %yj2 þ

Xd

i¼1

jxiyijð1� jtijÞ þ n�2;

and it follows that

jO�jpcn�1

Z
½0;1	d

Qd
i¼1ð1� tiÞki�1

ðj %x� %yj2=2þ
Pd

i¼1 jxiyijð1� tiÞ þ n�2Þjkj1þd=2
dt:

Changing variables tj-sj by

sj ¼
jxjyj j

j %x� %yj2=2þ n�2
ð1� tjÞ; 1pjpd

in th above integrals, we obtain

jO�jp c
Yd

i¼1

j %x� %yj2 þ n�2

jxiyij

 !ki

1

nðj %x� %yj2 þ n�2Þjkj1þd=2



Z jx1y1j

j %x�%yj2=2þn�2

0

y

Z jxd yd j
j %x�%yj2=2þn�2

0

1

ð1þ s1 þ?þ sdÞjkj1þd=2

Yd

i¼1

ski�1
i ds:

Using the elementary inequalityZ r1

0

y

Z rd

0

Qd
i¼1 ski�1

i ds

ð1þ s1 þ?þ sdÞjkj1þd=2
p
Yd

i¼1

Z ri

0

ski�1
i dsi

ð1þ siÞkiþ1=2

p c
Yd

i¼1

ri

1þ ri


 �ki

;

it then follows that

jO�jpc

Qd
i¼1ðjxiyij þ j %x� %yj2 þ n�2Þ�ki

nðj %x� %yj þ n�1Þd
:

The above estimate still holds even if one of the ki ¼ 0: Indeed, in that case, formula
(5.2) holds under limit (1.6), so that the integral in (5.31) against tj will not appear.

Repeating the above process leads to the same estimate of O� as above. Together

with (5.30), the desired estimate of Kd
n ðh2

k; x; yÞ follows from (5.4). This proves

Theorem 3.1. &

Proof of Theorem 3.2. Recall that ki ¼ pi þ li: We give the proof under the
assumption that 0olio1 for 1pipd: The cases that some or all li ¼ 0 are proved
similarly, as in the consideration at the end of the proof of Lemma 5.4.
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If jyjjpjxjj=2 for some j; then j %x� %yjXjjxjj � jyj jjXjxj j=2: Hence, it follows that

for 1pipd

jxiyij þ n�1j %x� %yj þ n�2
Xjxiyij þ n�1jxjj=2:

Using this inequality in the estimate of Kd
n ðh2

k; x; yÞ in Theorem 3.1, we get

jKd
n ðh2

k; x; yÞjp c

Qd
i¼1ðjxiyij þ n�1jxjj=2Þ�ki

nd�ðd�2Þ=2ðjxjj=2þ n�1Þdþd=2

"

þ
Qd

i¼1ðjxiyij þ n�1jxjj=2Þ�ki

nðjxjj=2þ n�1Þd

#

p cðxÞnðd�2Þ=2�d
Yd

i¼1

ðjyij þ n�1Þ�ki ;

where in the second inequality we use the fact that 0pd� ðd � 2Þ=2p1: This proves
the estimate in (i).

If for all j ¼ 1; 2;y; d; jyjj4jxjj=2 and xjyjX0; then jx� yj ¼ j %x� %yj and

jxjyj j þ n�1j %x� %yj þ n�2
Xx2

j =2þ n�2:

Hence, from the estimate of Kd
n ðh2

k; x; yÞ in Theorem 3.1, it follows that

jKd
n ðh2

k; x; yÞjp c
Yd

j¼1

ðjxj j2=2þ n�2Þ�kj


 ½nðd�2Þ=2�dðjx� yj þ n�1Þ�d�d=2 þ n�1ðjx� yj þ n�1Þ�d 	

p cðxÞn�dþðd�2Þ=2ðjx� yj þ n�1Þ�d�d=2;

since ðd � 2Þ=2odpd=2; which is the desired estimate in (ii).
Finally, we consider case (iii) that for all j ¼ 1; 2;y; d; jyjjXjxjj=2; and xkyko0

for some k: In this case, we have

jxjyj jXx2
j =2 and jx� yj2Xðxk � ykÞ2Xx2

k: ð5:32Þ

To derive the desired estimate, we need to go back to the proof of Lemma 5.4. We
use decomposition (5.4) and again follow the argument from (5.10)–(5.14), so that
the essential part of the estimate is reduced to the Um; j and Vm; j terms. First we

consider the case jlj1 þ d� d=240: In the present case, we choose en; j as

en :¼ en; j :¼
1

2dn
ðj %x� %yj þ n�1Þ

instead of (5.15). We note that this choice is independent of the index j: From the
definition of Um; j; the variables tmþ1;y; tj that appear in Um; j are each within the

range ð�1; 1� enÞ: For iXj þ 1; let us write ti ¼ 1� en in the definition of ujðx; y; tÞ:
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Then, if xkyko0 and kpm or kXj þ 1; we have

1� ujðx; y; tÞ þ n�2 ¼ 1�
Xd

i¼1

xiyiti þ n�2

¼ � xkyk þ 1�
X
iak

xiyiti þ xkykð1� tkÞ þ n�2

X � xkyk ¼ jxkykjXjxkj2=2:

Using this inequality in the definition of Um; j and using (5.17), we conclude that

Um; jpcðxÞ
Yj

i¼mþ1

eli�1
n ;

where we used the fact that jlj1 þ dþ m � d=2X0: This estimate of Um; j also holds

for Um;m; for which we take the convention that
Qm

mþ1 e
li�1
n ¼ 1: If xkyko0 and

m þ 1pkpj; then we split the integral over tk in the definition of Um; j into two

integrals, one over ½�1; 0	 and another over ½0; 1� en	: The above lower bound of

1� ujðx; y; tÞ þ n�2 still holds for the part that includes the integral of tk over ½0; 1�
en	; and we use 1� ujðx; y; tÞ þ n�2

Xcðj %x� %yj þ n�1Þ2; see (5.16), on the part that

includes the integral over ½�1; 0	; this way, we derive using the definition of en that

Um; jp c
Yj

i¼mþ1

eli�1
n

e1�lk
n

ðj %x� %yj þ n�1Þjlj1þdþm�d=2
þ cðxÞ

Yj

i¼mþ1

eli�1
n

¼ cðxÞ
Yj

i¼mþ1

eli�1
n

1

n1�lkðj %x� %yj þ n�1Þjlj1þdþm�d=2�ð1�lkÞ
þ 1

" #

p cðxÞ
Yj

i¼mþ1

eli�1
n

1

ðj %x� %yj þ n�1Þjlj1þdþm�d=2�ð1�l�Þ þ 1

" #
;

where l� ¼ max1pipdli: For Vm; j ; we note that estimate (5.19) is valid and recall the

remark right after estimate (5.19), we conclude that

Vm; jpc
Yj

i¼mþ1

eli�1
n 1þ 1

ðj %x� %yj þ n�1Þjlj1þm�ðdþ2Þ=2

" #
:

Using the inequality jlj1 þ m � ðd þ 2Þ=2pjlj1 þ dþ m � d=2� ð1� l�Þ; which is

equivalent to dX� l�; we see that Vm; j is bounded by the bound of Um; j :

Consequently, from (5.11)–(5.14) and using (5.32) and the definition of en we
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conclude that for 0pmpd;

jO0;mjp
cðxÞ

nd�mþ1=2

Ym
i¼1

eli
n

Yd

i¼mþ1

eli�1
n


 1

ðj %x� %yj þ n�1Þjlj1þdþm�d=2�ð1�l�Þ þ 1

" #

p
cðxÞ

njlj1þ1=2

1

j %x� %yj þ n�1Þdþd=2�ð1�l�Þ

"

þ 1

ðj %x� %yj þ n�1Þd�m�jlj1

#
:

Since d � m � jlj1 ¼ ðdþ d=2Þ � ðjlj1 þ dþ m � d=2Þ and jlj1 þ dþ m �
d=2Xjlj1 þ d� d=240; it follows that

jO0;mjpcðxÞn�jlj1�1=2ðj %x� %yj þ n�1Þ�ðdþd=2�ZÞ;

where Z ¼ minf1� l�; jlj1 þ d� d=2g40; for jlj1 þ d� d=240:
Next we consider the case jlj1 þ d� d=2p0: In this case, we follow Case 2 of the

proof of Lemma 5.4. We again have jlj1o1; since jlj1X1 and d4ðd � 2Þ=2 implies

that jlj1 þ d� d=240: For O�
0;0; we use (5.26) and (5.32) to conclude that

jO�
0;0jpcðxÞn�jlj1�1=2pcðxÞn�jlj1�1=2ðj %x� %yj þ n�1Þ�ðdþd=2�ZÞ

with Z ¼ 1� jlj1X0; which follows since dþ d=2� ZX0: For O�
0;m we use (5.28) and

(5.32) to conclude that

jO�
0;mjpcðxÞ 1

njlj1þ1=2ðj %x� %yj þ n�1Þjlj1þdþm�d=2
:

Since jlj1 þ dþ m � d=2 ¼ dþ d=2� ðd � m � jlj1Þ and d � m � jlj1X1� jlj140

for mpd � 1; we conclude that

jO�
0;mjpcðxÞ 1

njlj1þ1=2ðj %x� %yj þ n�1Þdþd=2�Z

with Z ¼ 1� jlj140 for m ¼ 1; 2;y; d � 1: Finally, we consider the case m ¼ d: The
integral of O�

0;d is over E�
d ; we have that tjA½1� e�n; j ; 1	 for j ¼ 1; 2;y; d; which

implies that

Xd

i¼1

xiyið1� tiÞ
�����

�����p
Xd

i¼1

jxiyije�n;ipn�1ðjx� yj þ n�1Þ=2:

We have then

1� uðx; y; tÞ þ n�2 ¼ jx� yj2=2þ
Xd

i¼1

xjyjð1� tjÞ þ n�2

B ðjx� yj þ n�1Þ2:
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Use Lemma 5.3, (5.13) and the above relation, it follows from the definition of O�
0;d

(after (5.10)) that

jO�
0;d jp cn�1=2

Yd

j¼1

e� lj

n; j ½ðjx� yj þ n�1Þ�ðjlj1þdþd=2Þ

þ ðj %x� %yj þ n�1Þ�ðjlj1þðd�2Þ=2Þ	;

consequently, using (5.32) and the definition of e�n; j; we conclude that

jO�
0;d jp cðxÞn�jlj1�1=2½1þ ðj %x� %yj þ n�1Þ�ðjlj1þðd�2Þ=2Þ	

p cðxÞn�jlj1�1=2ðj %x� %yj þ n�1Þ�ðdþd=2�ZÞ

with Z ¼ 1� jlj1; since dþ d=2� ZXjlj1 þ ðd � 2Þ=2X0: Substituting these esti-

mates into (5.10) and using (5.32), we conclude that

jO0jpcðxÞn�jkj1�1=2ðj %x� %yj þ n�1Þ�d�d=2þZ

with some Z40 for both jlj1 þ d� d=240 and jlj1 þ d� d=2p0: Similarly, upon

replacing d by dþ j; we get the estimate for Oj; which is given by

jOjjpcðxÞn�jkj1�1=2ðj %x� %yj þ n�1Þ�d�d=2�jþZ

with some Z40: Putting all these estimates together, we conclude from Lemma 5.1
and (5.4) that, with a ¼ b ¼ jkj1 þ ðd � 3Þ=2;

Xm

j¼0

bjða; b; d; nÞ
�����

����� � jOjjpcðxÞn�dþðd�2Þ=2ðj %x� %yj þ n�1Þ�d�d=2þZ

with some Z40: Finally we estimate O� in (5.6). We use (5.31). Let us assume that
k ¼ d in (5.32). We then have

1� uðx; y; tÞ þ n�2

X1�
Xd�1

i¼1

jxiyitij � jxdyd j � xdydð1þ tdÞ þ n�2

¼ j %x� %yj2=2þ
Xd�1

i¼1

jxjyjjð1� jtijÞ þ jxdyd jð1þ tdÞ þ n�2;

which implies, in particular, that for tdA½0; 1	; 1� uðx; y; tÞ þ n�2
Xjxdyd jXx2

d=2 by

(5.32); and for tdAð�1; 0Þ;

1� uðx; y; tÞ þ n�2
Xj %x� %yj2=2þ

Xd

i¼1

jxjyj jð1� jtijÞ þ n�2:
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Therefore, using these inequalities in (5.31) we obtain

jO�jp
cðxÞ

n

Z
½�1;1	d�1

Z 0

�1

"


 ð1þ tdÞkd dtd

ðj %x� %yj2=2þ
Pd

i¼1 jxjyjjð1� jtijÞ þ n�2Þjkj1þd=2
þ 1

#



Yd�1

i¼1
ð1� t2i Þ

ki�1
dt0

p
cðxÞ

n



Z
½0;1	d

ð1� tdÞkd
Qd�1

i¼1 ð1� tiÞki�1

ðj %x� %yj2=2þ
Pd

i¼1 jxjyjjð1� tiÞ þ n�2Þjkj1þd=2
dtþ 1

" #
:

For each 1pipd; changing variables ti-si with

si ¼
jxiyij

j %x� %yj2=2þ n�2
ð1� tiÞ

and using (5.32) we have

jO�jp
cðxÞ

n
ðj %x� %yj2=2þ n�2Þ1�d=2

2
4



Z jx1y1j

j %x�%yj2=2þn�2

0

y

Z jxd yd j
j %x�%yj2=2þn�2

0

skd

d

Qd�1
i¼1 ski�1

i

ð1þ s1 þ?þ sdÞjkj1þd=2
dsþ 1

3
5

p
cðxÞ

n
ðj %x� %yj2=2þ n�2Þ1�d=2

Z jxd yd j
j %x�%yj2=2þn�2

0

skd

d

ð1þ sdÞkdþ1=2
dsd

2
4



Yd�1

i¼1

Z jxiyi j
j %x�%yj2=2þn�2

0

ski�1
i

ð1þ siÞkiþ1=2
dsi þ 1

3
5:

Hence, using the elementary inequalities that for aX0 and rXs40;Z r

0

sa�1

ð1þ sÞaþ1=2
dspc and

Z r

0

sa

ð1þ sÞaþ1=2
dspcr1=2;

we conclude that

jO�jp
cðxÞ

n
ðj %x� %yj2=2þ n�2Þ1�d=2 jxdyd j

j %x� %yj2=2þ n�2

 !1=2

þ1

2
4

3
5

p
cðxÞ

n
½ðj %x� %yj þ n�1Þ1�d þ 1	:
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Since ðd � 2Þ=2odpd=2; we have

n�1 ¼ n�dþðd�2Þ=2ðn�1Þd=2�dpn�dþðd�2Þ=2ðj %x� %yj þ n�1Þd=2�d;

so that

jO�jpcðxÞn�d�ðd�2Þ=2ðj %x� %yj þ n�1Þ�d�d=2þ1:

Consequently, estimate in (iii) follows from (5.4). &

6. The estimate of the kernels for W T
j;l

In this section we prove the estimate of the Cesàro kernels for W T
k;m in Theorems

3.3 and 3.4. The essential part of the proof is similar to that of 3.1 and Theorem 3.2.
We shall be brief.

Proof of Theorem 3.3. Throughout the proof we write m ¼ kdþ1 and write jkj1 ¼Pdþ1
i¼1 ki: We start with formula (3.7) for the kernel Kd

n ðW T
k;m; x; yÞ and break it into a

sum

Kd
nðW T

k;m; x; yÞ ¼
XJ

j¼0

bjða;�1=2; d; nÞOjðx; yÞ þ O�ðx; yÞ;

where a ¼ jkj1 þ ðd � 2Þ=2 and J ¼ ½aþ bþ 2	;

Ojðx; yÞ ¼ ck

Z
½�1;1	dþ1

P
ðaþdþjþ1;�1

2
Þ

n ð2z2 � 1Þ
Ydþ1

i¼1

ð1� t2i Þ
ki�1

dt

and

O�ðx; yÞ ¼ ck

Z
½�1;1	dþ1

Gd
nð2z2 � 1Þ

Ydþ1

i¼1

ð1� t2i Þ
ki�1

dt; ð6:1Þ

here and in the following, we use the notation

z ¼ zðx; y; tÞ ¼ ffiffiffiffiffiffiffiffiffi
x1y1

p
t1 þ?þ ffiffiffiffiffiffiffiffiffiffi

xdyd
p

td þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jxj1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jyj1

q
tdþ1:

Using Lemmas 5.1 and 5.2, O� is bounded by

O�ðx; yÞ ¼ Oðn�1Þck
Z
½�1;1	dþ1

ð1� z þ n�2Þ�a�3
2
Ydþ1

i¼1

ð1� t2i Þ
ki�1

dt:
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Using the quadratic transform P
ðl;�1

2Þ
n ð2t2 � 1Þ ¼ anP

ðl;lÞ
2n ðtÞ; in which an ¼ Oð1Þ since

P
ða;bÞ
n ð1Þ ¼ ðnþa

n
Þ; it follows that

Ojðx; yÞ ¼ ckan

Z
½�1;1	dþ1

P
ðaþdþjþ1;aþdþjþ1Þ
2n ðzÞ

Ydþ1

i¼1

ð1� t2i Þ
ki�1

dt:

Following the proof of Theorem 3.1, we consider the estimate of O0: Let kj ¼
pj þ lj; pj being nonnegative integers and ljA½0; 1Þ: Recall the notation x ¼
ð ffiffiffiffiffi

x1
p

;y;
ffiffiffiffiffiffiffiffiffiffi
xdþ1

p Þ with xdþ1 ¼ 1� jxj1 and z ¼ ð ffiffiffiffiffi
y1

p
;y;

ffiffiffiffiffiffiffiffiffi
ydþ1

p Þ with ydþ1 ¼ 1�
jyj1: The objective is to prove the following lemma.

Lemma 6.1. For x; yATd ; dþ jlj1Xðd þ 1Þ=2;

jO0jpc

Qdþ1
j¼1 ð

ffiffiffiffiffiffiffiffi
xjyj

p þ n�1jx� zj þ n�2Þ�kj

njkj1þ1=2ðjx� zj þ n�1Þdþðdþ1Þ=2 :

For ljAð0; 1Þ; j ¼ 1;y; d þ 1; using (5.8) and integrating O0 by parts pj times for

each tj; we obtain

O0 ¼
ckanð�1Þjpj1

Qdþ1
j¼1 ð

ffiffiffiffiffiffiffiffi
xjyj

p Þ�pjQjpj1
j¼1

1
2ð2n þ 2ðaþ dþ 1Þ � j þ 1Þ



Z
½�1;1	dþ1

P
ðjlj1þdþd

2
;jlj1þdþd

2
Þ

2nþjpj1
ðzÞ

Ydþ1

j¼1

@pj

@t
pj

j

ð1� t2j Þ
kj�1

dt:

Note that x is in Sd
þ; the first quarter of Sd : If, instead, we consider x as a vector in its

own right, x ¼ ðx1;y; xdþ1Þ; then we can write z as

z ¼ zðx; z; tÞ ¼ x1z1t1 þ?þ xdzdtd þ xdþ1zdþ1tdþ1;

where z ¼ ðz1;y; zdþ1Þ: If we let x range over the entire Sd ; then in order to evaluate

O0; it suffices to consider the integral for ðt1;y; tdþ1ÞA½0; 1	dþ1: Each of the other

2dþ1 � 1 parts can be reduced to this part by making the substitutions of variables
tj ¼ �tj and xj ¼ �xj for some j’s. Let

Q0 ¼ n�jpj1
Ydþ1

j¼1

ðxjzjÞ�pj



Z
½0;1	dþ1

P
ðjlj1þdþd

2
;jlj1þdþd

2
Þ

2nþjpj1
ðzÞ

Ydþ1

j¼1

@pj

@t
pj

j

ð1� t2j Þ
kj�1

dt:

Instead of proving Lemma 6.1, we shall prove the following lemma.
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Lemma 6.2. For x; zASd ; dþ jlj1Xðd þ 1Þ=2;

jQ0jpc

Qdþ1
j¼1 ðjxjzjj þ n�1j%x� %zj þ n�2Þ�kj

njkj1þ1=2ðj%x� %zj þ n�1Þdþðdþ1Þ=2 :

Evidently, since %xASd
þ; Lemma 6.1 follows from Lemma 6.2.

In order to prove the estimate in Lemma 6.2, we break ½0; 1	dþ1 into the union of
the sets

Em ¼ð1� en;1; 1	 
?
 ð1� en;m; 1	 
 ½0; 1� en;mþ1	


?
 ½0; 1� en;dþ1	:

and the permutations of Em just as in the proof of Lemma 5.4, where en; j is chosen as

in (5.15) with %x and %z in place of %x and %y; respectively. Consequently, we can write,

Q0 ¼ n�jpj1
Ydþ1

j¼1

ðxjzjÞ�pj
Xdþ1

m¼0

Q0;m þ
X
s

Xd

m¼1

sQ0;m

" #
;

where, the notation is self-evident when comparing with (5.10),

Q0;m ¼
Z

Em

P
ðjlj1þdþd

2
;jlj1þdþd

2
Þ

2nþjpj1
ðzÞ
Ydþ1

j¼1

@pj

@t
pj

j

ð1� t2j Þ
kj�1

dt:

and sQ0;m denotes the term with integral over sEm: Again, since the stated estimate

in Lemma 6.2 is independent of the choice of the order of xj; we only need to deal

with O0;m: Using (5.8) and integrating Q0;m by parts once for each tj; j ¼ m þ
1;y; d þ 1; we conclude that

Q0;m ¼Oðnm�d�1Þ
Ydþ1

j¼mþ1

ðxjzjÞ�1



Z 1

1�en;1

y

Z 1

1�en;m

Xdþ1

j¼m

Lm; j þ
X
s

Xd

j¼mþ1

sLm; j

( )



Ym
i¼1

@pi

@t
pi

i

ð1� t2i Þ
ki�1

dt1y; dtm;

where the meaning of sLm; j is as before and Lm; j are given by

Lm; j ¼ð�1Þj�m

Z 1�en;mþ1

0

y

Z 1�en; j

0
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 @pdþ1

@t
pdþ1

dþ1

ð1� t2dþ1Þ
kdþ1�1?

@pjþ1

@t
pjþ1

jþ1

ð1� t2jþ1Þ
kjþ1�1

""


 P
ðjlj1þd�d

2
�1þm;jlj1þd�d

2
�1þmÞ

2nþjpj1þdþ1�m
ðzðx; z; tÞÞ

#
1�en; jþ1

tjþ1¼0 y

��� i�����
1�en;dþ1

tdþ1¼0



Yj

i¼mþ1

@piþ1

@t
piþ1
i

ð1� t2i Þ
ki�1

dtmþ1ydtj:

Note that unlike the proof of Lemma 5.4, the lower limit ti ¼ 0 plays a more serious
role here. Indeed, substituting the lower limit ti ¼ 0 and upper limit ti ¼ 1� en;i; it
follows from (5.3) and (5.13) that

jLm; jjpcn�1
2
Ydþ1

p¼jþ1

elp�1
n;p

Xdþ1

i¼j

Um; j;i þ
X
s

Xd

i¼jþ1

sUm; j;i

" #
;

where the meaning of sUm; j;i is as before and Um; j;i are given by

Um; j;i ¼
Z 1�en;mþ1

0

y

Z 1�en; j

0

ð1� z2j;i þ n�2Þ�
1
2
ðjlj1þdþm�dþ1

2
Þ



Yj

i¼mþ1

ð1� tiÞli�2
dtmþ1ydtj

and zj;i ¼ x1z1t1 þ?þ xjzj tj þ xjþ1zjþ1ð1� en; jþ1Þ þ?þ xizið1� en;iÞ:
From our assumption that dþ jlj1Xðd þ 1Þ=2; it follows that jlj1 þ dþ m � ðd þ

1Þ=2X0 for all mX0:Hence the power of 1� z2j;i þ n�2 is negative and we can use the

inequality

1� z2j;i þ n�2
X1� jzj;kj þ n�2

X1�
Xdþ1

i¼1

jxizij þ n�2
Xcðj%x� %zj þ n�1Þ2 ð6:2Þ

to enlarge the term under the integral signs (comparing with (5.16)). Using (5.17) for
0olo1 and tA½�1; 1	; this gives

Um; j;ipc
Yj

p¼mþ1

elp�1
n;p

1

ðj%x� %zj þ n�1Þjlj1þdþm�ðdþ1Þ=2:

The right-hand side is the same estimate in (5.18); hence, we can follow the proof of
Case 1 in Lemma 5.4 to finish the proof of Lemma 6.2.

This way, we have proved Lemma 6.1. The estimate of O� term can be carried out
in exactly the same way as in the proof of Theorem 3.1 so is the rest of the proof of
the theorem, which gives the proof of Theorem 3.3. &

Note that the restriction jlj1 þ dXðd þ 1Þ=2 is used to justify the use of (6.2) in the

estimate of Um; j;i; which allows us to work with j%x� %zj and not to deal with zj;i: The

case jlj1 þ doðd þ 1Þ=2 poses new difficulties since we need to work with various
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cases in zj;i; and the induction argument showing JipcJ0 in the Case 2 of the proof of

Lemma 5.4 no longer seems to work.

Proof of Theorem 3.4. The proof follows essentially from the proof in parts (i) and
(ii) of Theorem 3.2, since it comes down to the proof of (i) and (ii) in the proof of
Theorem 2.11. We choose to give a brief independent proof below.

Notice that the condition jlj1 ¼
Pdþ1

i¼1 ðki � ½ki	ÞX1 implies ðd � 1Þ=2Xðd þ
1Þ=2� jlj1; so that d4ðd � 1Þ=2 implies that dþ jlj1Xðd þ 1Þ=2; that is, the

assumption of Theorem 3.3 holds. If yjpxj=2 for some j; then

jx� zjXj ffiffiffiffixj
p � ffiffiffiffi

yj
p j ¼ jxj � yjj

j ffiffiffiffixj
p þ ffiffiffiffi

yj
p jXxj=2:

Hence, it follows that for i ¼ 1; 2;y; d þ 1ffiffiffiffiffiffiffiffi
xiyi

p þ n�1jx� zj þ n�2
X

ffiffiffiffiffiffiffiffi
xiyi

p þ n�1xj=2:

Using this inequality in the estimate of Theorem 3.3 and the fact that 0pd� ðd �
1Þ=2p1; (i) is proved. If for all j ¼ 1; 2;y; d; yj4xj=2; then

ffiffiffiffiffiffiffiffi
xjyj

p þ n�1jx� zj þ
n�2

Xxj=
ffiffiffi
2

p
þ n�2:Using this inequality in the estimate in Theorem 3.3 gives the case

(ii). &

Note that the proof of Theorem 3.4 follows from the statement of Theorem 3.3; so
restriction (2.7) can be removed if the condition jlj1 þ dXðd þ 1Þ=2 in Theorem 3.3

can be removed.
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